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Abstract
We perform a general study of the issue of metastability for supersymmetry-
breaking vacua in theories with N = 1 and N = 2 global supersymmetry.
This problem turns out to capture all the important qualitative features of the
corresponding question in theories with local supersymmetry, where gravita-
tional effects induce only quantitative modifications. Moreover, it allows to
directly compare the conditions arising in the N = 1 and N = 2 cases, since
the latter becomes particular case of the former in the rigid limit. Our strat-
egy consists in a systematic investigation of the danger of instability coming
from the sGoldstini scalars, whose masses are entirely due to supersymmetry
breaking mass-splitting effects. We start by reviewing the metastability condi-
tions arising in general N = 1 non-linear sigma-models with chiral and vector
multiplets. We then turn to the case of general N = 2 non-linear sigma-models
with hyper and vector multiplets. We first reproduce and clarify the known
no-go theorems applying to theories with only Abelian vector multiplets and
only hyper multiplets, and then derive new results applying to more general
cases. To make the comparison with N = 1 models as clear as possible, we
rely on a formulation of N = 2 models where one of the supersymmetries is
manifestly realized in terms of ordinary superfields, whereas the other is re-
alized through non-trivial transformations. We give a self-contained account
of such a construction of N = 2 theories in N = 1 superspace, generalizing
previous work on various aspects to reach a general and coordinate-covariant
construction. We also present a direct computation of the supertrace of the
mass matrix.
1 Introduction
One of the main issues in supersymmetric theories aiming at describing real fundamental
interactions is how supersymmetry is spontaneously broken. Indeed, this breaking induces
mass splittings between ordinary particles and their superpartners, and the details of
this process are thus of crucial importance. It turns out that the structure of theses
splittings is strongly constrained, and this causes some difficulties in phenomenological
applications. The perhaps most spectacular incarnation of this phenomenon is provided
by the supertrace sum rule, which concerns the average of all the mass splittings. This
implies for instance that renormalizable and anomaly-free supersymmetric extensions of
the standard model cannot directly accommodate a viable way of spontaneously breaking
supersymmetry. The standard way out to this problem is to assume that supersymmetry
is broken in a hidden sector, which communicates with the visible sector only in a way
that is suppressed by some mass scale. Spontaneous supersymmetry breaking can then
be designed in a much more flexible way within the hidden sector, while supersymmetry
breaking effects communicated to the visible sector are encoded in soft supersymmetry
breaking terms. The only strong constraints on supersymmetry breaking that one is
left with are then the metastability of the vacuum and the value of the cosmological
constant. There are then more phenomenological constraints concerning the mediation of
supersymmetry breaking to the visible sector and the structure of the soft terms.
The problem of understanding under which conditions vacua that break spontaneously
supersymmetry may by at least metastable clearly emerges as one of the most relevant
possible discrimination tools on the structure of the hidden sector. While the stability
of supersymmetry-preserving vacua is guaranteed, that of supersymmetry-breaking ones
is not, and whether they can be metastable or even absolutely stable depends on cer-
tain particular aspects of the theory. By now it has been well appreciated that requiring
only metastability, rather than absolute stability, is perfectly satisfactory, as long as the
life-time of the vacuum is sufficiently large, say larger than the age of the universe. More-
over, a supersymmetric theory generically admits both stable supersymmetry-preserving
vacua and metastable supersymmetry-breaking vacua, but generically no absolutely sta-
ble supersymmetry-breaking vacua, unless some extra features are imposed, like for in-
stance the existence of a global R-symmetry [1]. This clearly means that metastability
of supersymmetry-breaking vacua is the relevant minimal requirement to impose, rather
than absolute stability. More specifically, the requirement of metastability translates into
the requirement that the mass matrix of the scalar field fluctuations, given by the Hessian
matrix of the scalar potential at the stationary point defining the vacuum, should be pos-
itive definite. This obviously constrains the theory, but at first sight in a rather indirect
and mild way. It turns however out that one can deduce from this requirement a quite
simple and sharp necessary condition.
The main observation that allows to translate the condition of metastability into an
interesting information is the following. To a large extent, one can adjust the overall
masses of the particles belonging to each multiplet independently of the splittings induced
by the process of spontaneous supersymmetry breaking, by tuning those parameters of the
theory that are unrelated to the latter process. This allows to make the square mass of
most of the scalar fields arbitrarily large and positive. There is however one exception to
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this fact, represented by the Goldstino would-be multiplet. Indeed, for that multiplet there
is an obstruction against changing the overall mass, due to Goldstone’s theorem applied
to the spontaneous breaking of supersymmetry. In rigid supersymmetry, this implies that
the Goldstino is strictly massless, and the masses of its scalar partners, the sGoldstini,
are thus entirely controlled by the mass-splitting effects due to supersymmetry breaking.
In local supersymmetry, the Goldstino is absorbed by the gravitino through a super-Higgs
mechanism, but it remains true that the masses of the sGoldstini are determined by the
process of supersymmetry breaking. This means that the only scalar fields for which there
may be a potential obstruction against achieving a positive square mass are the sGoldstini.
If there are several supersymmetries, there are just several Goldstini and thus also a larger
number of sGoldstini to look at.
The above strategy was first developed and applied to N = 1 supergravity theories
with only chiral multiplets in [2, 3].1 The main outcome is that the average mass of the two
real sGoldstini is controlled by the holomorphic sectional curvature of the Ka¨hler manifold
spanned by the scalar fields along the complex Goldstino direction. To achieve metastabil-
ity, one then needs first of all that the scalar geometry admits directions along which the
curvature is sufficiently small, and then that the Goldstino direction be sufficiently aligned
towards those preferred directions. On the other hand, the adjustment of the value of the
cosmological constant constrains the length of the Goldstino direction. Subsequently, this
analysis was extended in [5] to more general N = 1 theories involving both chiral and
vector multiplets. The main conclusion is that gaugings by vector multiplets improve
the situation occurring for just chiral multiplets, and make the bounds on the curvature
milder. These metastability conditions have then been further elaborated and applied in
[6, 7] for particular classes of N = 1 supergravity theories emerging as low-energy effective
theories of string models, like for instance no-scale models. It has however become clear
that in the context of string models, an analysis based on minimal N = 1 supersymme-
try may fail to capture all of the potentially relevant information, due to the fact that
the structure of the low-energy effective supergravity theories underlying these models
is strongly constrained by its higher-dimensional origin. More specifically, although for
interesting models one gets a theory with minimal supersymmetry in four dimensions, the
moduli sector emerging through the compactification of the extra space-time dimensions,
which is the most natural candidate to represent the hidden sector, actually displays many
of the features of theories with extended supersymmetry in four dimensions. As a first
step towards gaining an understanding of the impact on the metastability condition of
such additional peculiarities in N = 1 theories, one may then try to study the question
of metastability in N = 2 theories. The case of N = 2 supergravity theories with only
hyper multiplets was studied in [8]. The result of this analysis is that out of the four
sGoldstini arising in this case, one is absorbed by the graviphoton and is thus not dan-
gerous, whereas the other three have an average square mass which is negative when the
cosmological constant is positive, meaning that it is impossible to achieve metastability.
A similar no-go theorem has been known for a long time to arise also in N = 2 theories in-
volving only Abelian vector multiplets [9]. On the other hand, it has been shown through
the construction of particular examples that more general N = 2 theories involving non-
1See also [4] for an analysis of similar spirit applied to the ideas of distribution and landscape of vacua.
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Abelian vector multiplets and/or both hyper and vector multiplets can admit metastable
supersymmetry-breaking vacua with positive cosmological constant [10, 11]. A natural
step to take is then to try to understand the metastability condition applying for general
N = 2 theories, with the aim of figuring out which are the truly necessary ingredients to
go in business. Such an analysis is however quite challenging from a technical point of
view [12].
The aim of this work is to study the question of metastability in theories with N = 1
and N = 2 global supersymmetry. This rigid limit of the problem turns out to capture all
the qualitatively important aspects of the corresponding problem in local supersymmetry,
gravitational effects being responsible only for a quantitative deformation of the results.
Moreover, besides yielding a much simpler and more transparent setting, the rigid limit
also offers the very interesting possibility of directly comparing the results for N = 2
theories to those of N = 1 theories. This is due to the fact that in global supersymmetry
N = 2 theories with hyper and vector multiplets are just particular cases of N = 1 theories
with chiral and vector multiplets, whereas on the contrary in local supersymmetry this is
not the case, due to the effects of the spin-3/2 multiplet describing the degrees of freedom
needed to complete the N = 1 gravitational multiplet to the N = 2 one. To perform
this study and make the comparison between N = 2 and N = 1 theories as transparent
as possible, we shall use a formulation of N = 2 theories based on N = 1 superspace,
where one of the supersymmetries is manifestly realized in terms of ordinary superfields,
whereas the other is realized by a non-trivial transformation mixing different superfields.
We will follow the approach of [13], and generalize it in such a way to reach a general and
coordinate-covariant construction, which in components reproduces the rigid limit of the
general N = 2 supergravity theory as formulated in [14, 15]. We will then use the same
strategy as in previous supergravity studies and work out the metastability conditions
by systematically computing the masses of all the scalar sGoldstini. We will also revisit
the computation of the supertrace sum rule, since it represents a related information,
and rederive in a more direct way the results that were indirectly deduced in [16] from
a superspace evaluation of the quadratic divergence in the one-loop effective action. We
shall use the conventions of [17].
The paper is organized as follows. In section 2 we present the simplest case of N = 1
theories with only chiral multiplets and discuss the rigid version of the results of [2,
3]. In section 3 we present the case of N = 1 theories with both chiral and vector
multiplets, and describe the rigid version of the result of [5], generalized to non-Abelian
gauge groups. In section 4 we consider the case of N = 2 theories with only hyper
multiplets, formulated as particular cases of N = 1 theories with only chiral multiplets.
We derive the analogue of the result of [8] in the rigid limit and clarify how its emerges
when gravity is decoupled and which information is associated respectively to the minimal
and to the additional supersymmetries. In section 5 we consider the case of N = 2 theories
with only vector multiplets, formulated as particular cases of N = 1 theories with chiral
and vector multiplets. After recovering the rigid limit of the result of [9] in the Abelian
case, we study the non-Abelian case and derive a new result applying to this situation,
discussing again carefully which information comes from the minimal supersymmetry and
which from the additional one. In section 6, we finally consider the case of general N = 2
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theories with both hyper and vector multiplets. We set up the logic of the study of the
metastability condition, and discuss the form that it is expected to take. Finally, in section
7 we present our conclusions.
2 N=1 models with chiral multiplets
Let us start by considering the simplest case of N = 1 theories with nC chiral multiplets
Φi. The most general two-derivative Lagrangian is specified in terms of a real Ka¨hler
potential K and a holomorphic superpotential W , and reads:
L =
∫
d4θ K(Φ, Φ¯) +
∫
d2θW (Φ) + h.c. . (2.1)
In components, this gives
L = −gi¯ ∂µφi∂µφ¯¯ − igi¯ ψi
(
∂/ψ¯¯ + Γ¯m¯n¯ ∂/φ¯
m¯ψ¯n¯
)− VS − VF , (2.2)
where gi¯ = Ki¯ defines a Ka¨hler geometry for the scalar manifold [18] and
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VS = g
i¯WiW¯¯ , (2.3)
VF =
1
2
∇iWj ψiψj + h.c.− 1
4
Ri¯kl¯ ψ
iψkψ¯¯ψ¯l¯ , (2.4)
The supersymmetry transformation laws are defined by the action of the supercharges
on the superfields and act as follows in components:
δφi =
√
2 ǫ ψi , (2.5)
δψi =
√
2 ǫ F i +
√
2i ∂/φi ǫ¯ . (2.6)
The auxiliary fields F i are given by
F i = −gi¯ W¯¯ + 1
2
Γijk ψ
jψk . (2.7)
The extension to supergravity is well known [19, 20] and does not present particularly
subtle features. In particular, any model of the above type can be consistently coupled
to gravity. The main new feature is that there appears a non-trivial U(1) bundle over
the scalar manifold, whose curvature is proportional to M−2P , and the manifold becomes
Ka¨hler-Hodge.
2.1 Supertrace
At a generic point in the scalar field space and for vanishing fermions, the auxiliary fields
simplify to
F i = −W¯ i . (2.8)
2Our conventions for the curvature are such that the non-vanishing components of the Riemann tensor
are given by Ri¯kl¯ = Ki¯kl¯ − g
s¯rKiks¯K¯l¯r and those of the Ricci tensor by Ri¯ = −g
kl¯Ri¯kl¯.
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The mass matrix of the scalar fields is given by the following two blocks:
(m20)i¯ = ∇iWk∇¯W¯ k −Ri¯kl¯ F kF¯ l¯ , (2.9)
(m20)ij = −∇i∇jWk F k + ΓkijVSk . (2.10)
The mass matrix of the fermions is instead
(m1/2)ij = ∇iWj . (2.11)
One easily computes
tr[m20] = 2∇iWj∇iW¯ j + 2Ri¯ F iF¯ ¯ , (2.12)
tr[m21/2] = ∇iWj∇iW¯ j . (2.13)
It follows that the supertrace of the mass matrix is given by [16]
str[m2] ≡ tr[m20]− 2 tr[m21/2]
= 2Ri¯ F
iF ¯ . (2.14)
2.2 Metastability
The possible vacua of the theory correspond to points in the scalar manifold that satisfy
the stationarity condition VSi = 0, which reads:
∇iWj F j = 0 . (2.15)
On the vacuum δψi =
√
2ǫF i, and supersymmetry is spontaneously broken if some of
the auxiliary fields F i are non-vanishing. The order parameter is the norm of the vector of
auxiliary fields, which defines the scalar potential energy VS = F
iF¯i. In such a situation,
there is then a massless Goldstino fermion given by:
η =
√
2 F¯iψ
i . (2.16)
Indeed, the stationarity condition directly implies that this is a flat direction of the fermion
mass matrix:
mη = 0 . (2.17)
The two would-be supersymmetric scalar partners of this fermionic mode, the sGoldstini,
generically have non-zero masses, but these are controlled by the process of supersymmetry
breaking, and cannot be affected by supersymmetric mass terms in the superpotential.
These modes are then particularly dangerous for the metastability of the vacuum. From
the form of the supersymmetry transformations, we see that they can be parametrized
by the two independent real linear combinations that one can form with the complex
Goldstino vector ηi =
√
2F i, namely:
ϕ+ = F¯iφ
i + Fı¯φ¯
ı¯ , ϕ− = iF¯iφ
i − iFı¯φ¯ı¯ . (2.18)
The masses of these two scalar modes can now be computed by evaluating the scalar mass
matrix along the directions ϕI+ = (F
i, F¯ ı¯) and ϕI− = (iF
i,−iF¯ ı¯), and dividing by the
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length of these vectors, which is 2F iF¯i. After using the stationarity condition to simplify
the results, one obtains:
m2ϕ± = RF
iF¯i ±∆ . (2.19)
The first term involving the quantity R comes from the contribution of the Hermitian block
(m20)i¯ of the mass matrix, and it turns out that R is simply the holomorphic sectional
curvature of the scalar manifold in the complex plane defined by the Goldstino direction
F i of supersymmetry breaking:
R = −Ri¯mn¯F
iF¯ ¯FmF¯ n¯
(F kF¯k)2
. (2.20)
The second term ∆ corresponds instead to the contribution from the complex block (m20)ij ,
and has a more complicated expression, which depends also on second and third derivatives
of the superpotential and is thus much more model-dependent. But happily, we see that
the average of the two masses is independent of ∆, and one thus finds the following result,
which defines an upper bound on the lowest mass eigenvalue:
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= RF iF¯i . (2.21)
From this result, we conclude that a necessary condition for not having a tachyonic mode
is that the holomorphic sectional curvature R be positive.3
The above result is the rigid limit of the result obtained in [2, 3] for the supergravity
case. Introducing the gravitino mass m3/2 and the Planck mass MP, the cosmological
constant reads VS = F
iF¯i − 3m23/2M2P and the average sGoldstino mass is given by the
following formula in supergravity
m2ϕ = RF
iF¯i + 2m
2
3/2 . (2.22)
We see that the main feature of this result, namely the dependence on the curvature R,
is also captured in the rigid limit, in which m3/2 → 0 and MP → ∞. Gravitational
effects influence only quantitatively the result, and the metastability condition implies
now that the holomorphic sectional curvature R be larger than the negative critical value
−2m2
3/2/(VS + 3m
2
3/2M
2
P), which tends to 0 in the rigid limit.
The above necessary condition for metastability becomes also sufficient if for a given
Ka¨hler potential K one allows the superpotential W to be adjusted [6, 7]. Indeed, at
the stationary point one may tune Wi to maximize the average sGoldstino mass, Wij to
make the other masses arbitrarily large, and Wijk to set the splitting between the two
sGoldstino masses to zero.
3In the limiting case of models based on a flat geometry, for which R vanishes, one generically finds
that one of the sGoldstini is tachyonic and the other not. The best thing that one may do is then to tune
the superpotential to make both of them massless, with vanishing ∆. One can then show that in such a
situation the sGoldstini are not only massless, but actually correspond to flat directions of the potential
and are identified with the so-called pseudo-moduli arising in these models. See [21] for a recent discussion.
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3 N=1 models with chiral and vector multiplets
Let us consider next the most general case of N = 1 theories with nC chiral multiplets Φ
i
and nV vector multiplets V
a. The most general two-derivative Lagrangian is in this case
specified by a real Ka¨hler potential K, a holomorphic superpotential W , a holomorphic
gauge kinetic function fab, some holomorphic Killing vectors X
i
a and some real Fayet-
Iliopoulos constants ξa, and reads:
L =
∫
d4θ
[
K(Φ, Φ¯, V ) + ξaV
a
]
+
∫
d2θ
[
W (Φ) +
1
4
fab(Φ)W
aαW bα
]
+ h.c. . (3.1)
The gauge transformations form a Lie group with structure constants f cab , and act as
follows on the superfields, with chiral multiplet parameters Λa:
δgΦ
i = ΛaXia(Φ) , (3.2)
δgV
a = − i
2
(
Λa − Λ¯a) + 1
2
f abc
(
Λb + Λ¯b)V c +O(V 2) . (3.3)
Gauge invariance of the Lagrangian imposes that the variation of the non-holomorphic
terms should be at most a Ka¨hler transformation of the form Λafa+Λ¯
af¯a, where the fa are
some holomorphic functions, whereas the holomorphic terms should be strictly invariant.
This implies the following conditions:
XiaKi −
i
2
Ka = fa , (3.4)
XiaWi = 0 , (3.5)
Xiafbci = −2f da(b fc)d , (3.6)
ξa = 0 whenever f
a
bc 6= 0 . (3.7)
These equations show that −1
2
Ka can be identified with the real Killing potential for the
Killing vector Xia, and the Fayet-Iliopoulos constants ξa can be interpreted as coming from
the freedom of adding a constant to this potential for Abelian generators:
Xia =
i
2
gi¯∇¯Ka , (3.8)
One also has to impose the equivariance condition on the Killing vectors, i.e. that the
operators δa = X
i
a∂i + X¯
¯
a∂¯ satisfy the group algebra [δa, δb] = −f cab δc. This guarantees
that the Killing potentials can be chosen to transform in the adjoint representation, so
that
gi¯X
i
[aX¯
¯
b] =
i
4
f cab Kc . (3.9)
In the Wess-Zumino gauge, the action simplifies to the following expression:
L =
∫
d4θ
[
K(Φ, Φ¯) +
(
Ka(Φ, Φ¯) + ξa
)
V a + 2 gi¯(Φ, Φ¯)X
i
a(Φ)X¯
¯
b(Φ¯)V
aV b
]
+
∫
d2θ
[
W (Φ) +
1
4
fab(Φ)W
aαW bα
]
+ h.c. . (3.10)
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In components, this gives
L = −gi¯DµφiDµφ¯¯ − 1
4
hab F
a
µνF
bµν +
1
4
kab F
a
µν F˜
bµν − igi¯ ψi
(
D/ ψ¯¯ + Γ¯m¯n¯D/ φ¯
m¯ψ¯n¯
)
− i
2
hab λ
aD/ λ¯b + h.c.+
1√
2
habi λ
aσµνψiF bµν + h.c.− VS − VF , (3.11)
where:
VS = g
i¯WiW¯¯ +
1
8
hab(Ka+ ξa)(Kb+ ξb)
VF =
1
2
[
∇iWj ψiψj − gi¯habiW¯¯ λaλb +
√
8
(
gi¯X¯
¯
a +
i
4
hbchabi(Kc+ ξc)
)
ψiλa
]
+ h.c.
−1
4
Ri¯kl¯ ψ
iψkψ¯¯ψ¯l¯ +
1
4
gi¯habihcd¯ λ
aλbλ¯cλ¯d +
1
2
hcdhacihbd¯ ψ
iλaψ¯¯λ¯b
−1
4
[
∇ihabj ψiψjλaλb + hcdhacihbdjψiλaψjλb
]
+ h.c. . (3.12)
In these formulae, Dµ is the gauge covariant derivative acting as Dµφ
i = ∂µφ
i + AaµX
i
a,
Dµψ
i = ∂µψ
i+Aaµ∂jX
i
a ψ
j and Dµλ
a = ∂µλ
a+ f abc A
b
µλ
c, F aµν = ∂µA
a
ν −∂νAaµ+ f abc AbµAcν
is the field-strength, whereas hab and kab are the real and imaginary parts of fab.
The supersymmetry transformation laws involve not only the usual action of the su-
percharges, but also a compensating gauge transformation needed to preserve the Wess-
Zumino gauge choice, with superfield parameter given by Λa = 2iθσµǫ¯Aaµ + 2θ
2ǫ¯λ¯a. The
additional gauge transformation has no effect on the transformation laws of the compo-
nents of V a, but gives some additional terms in those of the components of Φi. In partic-
ular, it turns the ordinary derivative appearing in δψi into a gauge-covariant derivative.
One finally finds
δφi =
√
2 ǫ ψi , (3.13)
δψi =
√
2 ǫ F i +
√
2iD/φi ǫ¯ , (3.14)
δAaµ = iǫ σµλ¯
a − iλaσµ ǫ¯ , (3.15)
δλa = iǫDa + σµνǫ F aµν . (3.16)
The auxiliary fields F i and Da are given by
F i = −gi¯W¯¯ + 1
2
Γijk ψ
jψk +
1
2
gi¯hab¯ λ¯
aλ¯b , (3.17)
Da = −1
2
hab(Kb+ ξb)− i√
2
habhbci ψ
iλc + h.c. . (3.18)
The extension to supergravity is again well known [22, 23] and presents in this case
a subtlety. It turns out that models of the above type can generically be coupled to
gravity only in the absence of Fayet-Iliopoulos terms, i.e. when ξa = 0. This is due to the
fact that the accidental gauge-invariance of this term in rigid supersymmetry is spoiled
by gravitational effects. Similarly, there cannot be any non-trivial holomorphic function
appearing in gauge transformations of the Ka¨hler potential, once the superpotential is
assumed to be gauge invariant, and one needs fa = 0. A way out of this restriction arises
only if the theory admits an R-symmetry, which can be gauged and for which a Fayet-
Iliopoulos term is possible [24, 25]. For the rest, the main new feature is as before that there
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appears a non-trivial U(1) bundle over the scalar manifold with curvature proportional to
M−2P , and the manifold becomes Ka¨hler-Hodge. From now on, we shall restrict to models
that can emerge from a smooth rigid limit of the local case, although most of the results
that we shall derive in the remainder of this section have a more general validity. We
shall moreover not discuss the special possibility of gauging a U(1)R symmetry, and thus
require for simplicity that
ξa = 0 , fa = 0 . (3.19)
3.1 Supertrace
At a generic point in the scalar field space and for vanishing fermions and vector fields,
the auxiliary fields simplify to
F i = −W¯ i , (3.20)
Da = −1
2
habKb . (3.21)
The mass matrix of the scalar fields is given by the following two blocks:
(m20)i¯ = ∇iWk∇¯W¯ k −Ri¯kl¯ F kF¯ l¯ + habX¯aiXb¯ + habhacihbd¯DbDc
+
i
2
(∇iXa¯ − 2hbchabiXc¯)Da + h.c. , (3.22)
(m20)ij = −∇i∇jWk F k − habX¯aiX¯bj −
1
2
(∇ihabj − 2hcdhacihbdj)DaDb
+2i hbchab(iX¯cj)D
a + ΓkijVSk . (3.23)
The mass matrix of the fermions involves instead the following three blocks:
(m1/2)ij = ∇iWj , (3.24)
(m1/2)ab = habi F
i , (3.25)
(m1/2)ia =
√
2 X¯ai − i√
2
habiD
b . (3.26)
Finally, the mass matrix of the vectors is
(m21)ab = 2X
i
(aX¯b)i . (3.27)
A straightforward computation gives
tr[m20] = 2∇iWj∇iW¯ j + 2Ri¯ F iF¯ ¯ + 2habX¯aiXib + 2habhacih ibd DbDc
+ i
(∇iXia − 2hbchabiXic)Da + h.c. , (3.28)
tr[m21/2] = ∇iWj∇iW¯ j + hachbdhabihcd¯ F iF¯ ¯ + 4habX¯aiXib
+hcdhacih
i
bd D
aDb − 2i habhbciXiaDc + h.c. , (3.29)
tr[m21] = 2h
abX¯aiX
i
b . (3.30)
It follows that the supertrace of the mass matrix is given by [16]
str[m2] ≡ tr[m20]− 2 tr[m21/2] + 3 tr[m21]
= 2
(
Ri¯ − hachbdhabihcd¯
)
F iF¯ ¯ + i
(∇iXia + 2hbchabiXic)Da + h.c. . (3.31)
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Note that we did not need to fix a gauge for the ordinary gauge symmetry to perform
this computation, thanks to the fact that the unphysical would-be Goldstone scalars that
are eaten by the gauge fields correspond to flat directions of the scalar mass matrix. By
tracing over the whole m20, one does therefore not overcount these modes, since they come
with a vanishing value of the mass.
3.2 Metastability
The possible vacua of the theory correspond to points in the scalar manifold that satisfy
the stationarity condition VSi = 0, which implies
∇iWj F j + 1
2
habiD
aDb + iX¯aiD
a = 0 . (3.32)
By contracting this relation with the Killing vectors Xia and taking the imaginary part,
and using (3.5) and its derivative as well as (3.9), one also finds the following relation
between the values of the F i and Da auxiliary fields:
i∇iXa¯ F iF¯ ¯ −Xi(aXb)iDb +
1
2
f dab kdcD
bDc = 0 . (3.33)
By further contraction with Da, this also implies i∇iXa¯DaF iF¯ ¯ − Xi(aXb)iDaDb = 0.
This formula shows in particular that if the F i vanish then also the Da vanish, under
the assumption that there are neither Fayet-Iliopoulos terms nor non-trivial Ka¨hler trans-
formation functions associated to gauge transformations. Indeed, in such a situation the
first term vanishes, and the equation implies that either Da or Xia should vanish. But
Xia = 0 implies also Da = 0, whenever the total non-holomorphic term in the Lagrangian
is strictly gauge invariant, since in that case Da = −iXiaKi.
On the vacuum one has δψi =
√
2ǫF i and δλa = iǫDa, and supersymmetry is spon-
taneously broken if at least some of the auxiliary fields F i or Da are non-vanishing. The
order parameter is the norm of the vector of auxiliary fields, which defines the scalar po-
tential energy VS = F
iF¯i+
1
2
DaDa. In such a situation, there is then a massless Goldstino
given by
η =
√
2F¯iψ
i + iDaλ
a . (3.34)
Indeed, the stationarity condition and the gauge invariance of the superpotential imply
that this is a flat direction of the fermion mass matrix:
mη = 0 . (3.35)
As before, the would-be supersymmetric partners of this fermionic mode, the sGoldstini,
have masses that are controlled by the process of supersymmetry breaking. They are then
particularly dangerous for the metastability of the vacuum. From the form of the super-
symmetry transformations, we see that in this case these modes are linear combinations
of both scalars and vectors. However, since the vector components cannot get negative
square masses, the relevant thing to look at is the projection onto the scalar field space.
One then gets the same two independent real linear combinations as before, corresponding
to the projection of the complex Goldstino vector ηi =
√
2F i:
ϕ+ = F¯iφ
i + Fı¯φ¯
ı¯ , ϕ− = iF¯iφ
i − iFı¯φ¯ı¯ . (3.36)
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The masses of these two scalar modes can now be computed as before, by evaluating the
scalar mass matrix along the directions ϕI+ = (F
i, F¯ ı¯) and ϕI− = (iF
i,−iF¯ ı¯), and dividing
by the length of these vectors, which is 2F iF¯i. After using the stationarity condition as
well as the various constraints imposed by gauge invariance to simplify the results, one
obtains
m2ϕ± = RF
iF¯i + S D
aDa +
1
4
T
(DaDa)
2
F iF¯i
+M2
DaDa
F iF¯i
±∆ . (3.37)
The first four terms involving the quantities R, S, T and M2 come from the contribution
of the Hermitian block (m20)i¯ of the mass matrix. It turns out that R is as before the
holomorphic sectional curvature in the complex plane defined by the Goldstino direction
F i, whereas S and T and similar objects defined out of the derivatives of hab, and M
2 is
related to the mass of the vector fields:
R = −Ri¯mn¯ F
iF¯ ¯FmF¯ n¯
(F kF¯k)2
, (3.38)
S =
hacih
cdhdb¯ F
iF¯ ¯DaDb
(F kF¯k)(DcDc)
, (3.39)
T =
habih
i
cb D
aDbDcDd
(DeDe)2
, (3.40)
M2 =
2XiaX¯biD
aDb
DcDc
. (3.41)
The quantity ∆ corresponds instead to the contribution from the complex block (m20)ij ,
and has again a more complicated and model-dependent expression. But as before, we see
that the average of the two masses is independent of ∆, and one thus finds the following
result, which defines an upper bound on the lowest mass eigenvalue:
m2ϕ ≡
1
2
(
m2ϕ+ +m
2
ϕ−
)
= RF iF¯i + S D
aDa +
1
4
T
(DaDa)
2
F iF¯i
+M2
DaDa
F iF¯i
. (3.42)
From this, we conclude that a necessary condition for not having a tachyonic mode is that
the holomorphic sectional curvature R be larger than a certain negative-definite value
controlled by the data of the gauge sector.
In this case, there is an additional feature concerning scalar fields that has to be con-
sidered. Indeed, on the vacuum one has δgφ
i = λaXia, and some of the gauge symmetries
may be spontaneously broken if some of the components of Xia are non-vanishing. The
order parameters are the eigenvalues of the matrix of scalar products of the Killing vec-
tors, which defines the gauge boson mass matrix (m21)ab = 2X
i
(aX¯b)i. In such a situation,
there are thus also other complex directions of special relevance, namely those defined by
the Killing vectors Xia. These are related to the would-be Goldstone modes that are eaten
by the massive vector fields when the gauge symmetry is spontaneously broken, which are
given by the following real combinations:
σa = X¯aiφ
i +Xaı¯φ¯
ı¯ . (3.43)
Along these unphysical directions, the scalar mass matrix has vanishing value:
m2σa = 0 . (3.44)
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One may then wonder what happens along the conjugate directions defined by
ρa = iX¯aiφ
i − iXaı¯φ¯ı¯ . (3.45)
These generically have non-vanishing masses,
m2ρa 6= 0 . (3.46)
These informations all directly follow from the gauge invariance of the scalar potential.
This implies that Xia∇iVS + X¯ ¯a∇¯VS = 0, and can be checked to be a consequence of
gauge invariance conditions listed previously plus the equivariance condition. Taking
then a further derivative and going to a stationary point, one immediately deduces that
(m20)KiX
i
a + (m
2
0)K¯X¯
¯
a = 0, which is the statement that the would-be Goldstone boson
σa is massless.
At this point, one may wonder whether one could perhaps get some other relevant
metastability conditions by looking at the complex partners ρa of the would-be Goldstone
modes, which are a priory physical scalar fields. In the limit of unbroken supersymmetry,
these modes have the same masses as the vector bosons. Upon supersymmetry breaking,
they however split, and if the scale of supersymmetry breaking is much larger than that of
gauge symmetry breaking, this splitting may become larger than the average mass of the
multiplet and give rise to tachyons. A priori, there is no obstruction against making the
gauge symmetry breaking scale much larger than the scale of supersymmetry breaking,
thereby avoiding that some of these states become tachyonic. However, in such a limit the
effect of the gauging on the sGoldstino masses gets suppressed, and the potential benefits
from the presence of the vector multiplets disappear. A careful study may then perhaps
unravel a limitation on how much one may increase the sGoldstino masses through a
gauging, coming from the danger that these other states ρa become tachyonic. However,
we have not been able to find any simple result along this line of reasoning. We thus
refrain from reporting here the rather complicated expression for the mass matrix of the
fields ρa, which consists of the mass matrix of the vectors plus a series of terms that involve
various tensors built out of Xia and its derivatives contracted with the auxiliary fields F
i
and Da.
As a final remark on this issue, let us note that F i is orthogonal to Xia, as a con-
sequence of the gauge invariance of the superpotential. This means that the sGoldstini
ϕ± and the above complex partners of the would-be Goldstones ρa actually probe the
scalar mass matrix in two different sectors, the former orthogonal to Xia and the latter
parallel to Xia. Moreover, in the absence of supersymmetry breaking, these two sec-
tor are disentangled: the former describes the light chiral multiplets and the latter the
heavy vector multiplets. However, it should also be noted that there is no guarantee
that the would-be Goldstone modes σa and their complex partners ρa represent inde-
pendent modes. Indeed, the number of linearly independent vectors in each of the two
sets of σIa = (X
i
a, X¯
ı¯
a) and ρ
I
a = (iX
i
a,−iX¯ ı¯a) equals the rank of the matrix of the scalar
products within each set, which coincides with the symmetric gauge bosons mass matrix
2gi¯X
i
(aX¯
¯
b) = (m
2
1)ab. On the other hand, the total number of linearly independent vectors
in the full set containing both the σIa and the ρ
I
a may be lower, because some of the σ
I
a
may be linear combinations of the ρIa and vice versa. It is given by the rank of a twice
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bigger matrix with diagonal blocks given by 2gi¯X
i
(aX¯
¯
b) = (m
2
1)ab and off-diagonal blocks
given by 2gi¯X
i
[aX¯
¯
b] = −if cab Dc, which is also equal to twice the rank of the Hermitian
matrix 2gi¯X
i
aX¯
¯
b = (m
2
1)ab− if cab Dc. Indeed, the existence of a complex null vector v¯b for
this matrix implies that Xiav
a = X¯ ı¯av¯
a = 0, and for each such null vector there are thus
two linear relations between the ρa and the σa along the real directions Re v
a and Im va:
Re vaρa = −Im vaσa and Im vaρa = Re vaσa. In such a situation, two combinations of the
ρa are then unphysical would-be Goldstone modes too.
The result derived above for the average sGoldstino mass represents the rigid limit
of the one derived in [5], generalized to arbitrary non-Abelian gauge groups. In terms
of the gravitino mass m3/2 and the Planck mass MP, the cosmological constant reads
VS = F
iF¯i +
1
2
DaDa − 3m23/2M2P, and the averaged sGoldstino mass is
m2ϕ = RF
iF¯i +
(
S +M−2P
)
DaDa +
1
4
T
(DaDa)
2
F iF¯i
+
(
M2 − 4m23/2
)DaDa
F iF¯i
+2m23/2 . (3.47)
We again see that the main feature of this result, namely the dependence on the curvatures
R, S, T and on the mass M2, is also captured in the rigid limit, in which m3/2 → 0 and
MP →∞. As before, gravitational effects influence only quantitatively the result.
In this case the necessary condition for metastability does not become sufficient even
if for a given Ka¨hler potential K one allows the superpotential W to be adjusted. Indeed,
the restriction of gauge invariance of W implies that WiX
i
a = 0, WijX
j
a = −∂iXjaWj and
WijkX
k
a = −2∂(iXkaWj)k − ∂i∂jXkaWk. This shows that at the stationary point Wi, Wij
and Wijk cannot be freely tuned along the complex directions associated to the Killing
vectors Xia. The real modes corresponding to these directions are the would-be Goldstone
modes σa and their complex partners ρa. The masses of the latter can therefore not be
adjusted through their F -term part depending on W and represent a left-over danger,
whenever they are physical. These masses have however also a D-term part depending on
the Killing potentials Ka, and tend to the vector bosons masses in the supersymmetric
limit. This suggests that if one could somehow also allow the Killing potential Ka to be
adjusted, the metastability condition would become once again effectively sufficient. The
extent to which one can imagine to do that is however clearly restricted, since Ka, on the
contrary of W , does have some relation to the geometry defined by K.
4 N=2 models with hyper multiplets
Let us now consider the simplest case of N = 2 theories with nH hyper multiplets Hk.
This is a particular case of N = 1 theory with nC = 2nH chiral multiplets Q
u, with the
particularity that it admits a second supersymmetry. The most general two-derivative
Lagrangian is specified by a real Ka¨hler potential K and a holomorphic superpotential
W , and in N = 1 superspace it takes the usual form
L =
∫
d4θ K(Q, Q¯) +
∫
d2θW (Q) + h.c. . (4.1)
The existence of a second supersymmetry mixing differentN = 1 superfields implies strong
additional restrictions on K and W . To derive these restrictions, we shall follow [13] and
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construct systematically the most general form of the second supersymmetry.
The general form of the second non-manifest supersymmetry transformation can be
parametrized as follows with a general complex function N¯u, a holomorphic function Xu
and a phase s [13, 26, 27]:
δˆQu =
1
2
D¯2
(
N¯u(Q, Q¯)(ǫˆθ + ˆ¯ǫθ¯)
)
− 2i(s + s¯)Xu(Q)ǫˆθ . (4.2)
In order for this to correctly satisfy an N = 1 supersymmetry subalgebra, more precisely
[δˆ1, δˆ2]Q
u = −2i(ǫˆ1σµˆ¯ǫ2 − ǫˆ2σµˆ¯ǫ1)∂µQu, one needs to impose some restrictions on the
functions N¯u and Xu. A straightforward computation shows that the required conditions
are the following:
∂w¯N¯
u∂vN
w¯ = −δuv , ∂s¯∂vN¯u∂t¯N¯v − ∂t¯∂vN¯u∂s¯N¯v = 0 (4.3)
∂wX
u∂v¯N¯
w − ∂v¯(∂w¯N¯uX¯w¯)− ∂v¯∂wN¯uXw = 0 , (4.4)
Let us now check under what circumstances the Lagrangian (4.1) is left invariant by
a second supersymmetry of this general allowed form. One finds that this is the case
provided that
∇uNv +∇vNu = 0 , ∇w(∇uNv) = 0 , ∇w¯(∇uNv) = 0 , (4.5)
Xu = is¯∇uN¯vWv , KuXu +Ku¯X u¯ = f + f¯ . (4.6)
In these equations, we have used the Ka¨hler metric to raise and lower indices, and f
denotes an arbitrary holomorphic function of the chiral multiplets.
In order to clarify the geometrical meaning of the above restrictions, let us introduce
the following notation:
Ωuv = ∇uNv . (4.7)
In terms of this quantity, the constraints (4.5) for the invariance of the action imply
that Ωuv should be antisymmetric, covariantly constant and holomorphic. Moreover, the
first constraint (4.3) from the closure of the algebra implies a further constraint on the
contraction of Ωuv with its conjugate, while the second of (4.3) is automatically satisfied
as a consequence of the holomorphicity of Ωuv. One thus finds:
Ωuv = −Ωvu , ∇wΩuv = 0 , ∇w¯Ωuv = 0 , (4.8)
Ω¯uw¯Ω
w¯
v = −δuv . (4.9)
It then follows that the Ka¨hler manifold admits three complex structures, constructed out
of Ωuv as
(J1)UV =
(
0 Ω¯uv¯
Ωu¯v 0
)
, (J2)UV =
(
0 iΩ¯uv¯
-iΩu¯v 0
)
, (J3)UV =
(
iδuv 0
0 -iδu¯v¯
)
, (4.10)
which are covariantly constant and satisfy the quaternions algebra:
∇U (Jx)VW = 0 , (4.11)
(Jx)UW (J
y)WV = −δUV δxy + ǫxyz(Jz)UV . (4.12)
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This means that the Ka¨hler manifold must actually be Hyper-Ka¨hler [28, 29].
Notice that the transformation functions N¯u are implicitly determined by the quantity
Ωuv specifying the quaternionic structure. Indeed, compatibly with all the properties listed
above, one can write:
N¯u = −Ω¯uv(Kv + fv) , KuN¯u = Kugu . (4.13)
The arbitrary holomorphic functions fv and g
u = −Ω¯uvfv reflect the ambiguities related
to Ka¨hler transformations of K and in the definition of N¯u.
Concerning the superpotential, we see that the basic object controlling its structure is
the holomorphic vector defined by (4.6):
Xu = is¯Ω¯uvWv . (4.14)
The constraints (4.6) from the invariance of the action imply, upon taking some derivatives,
that Xu is holomorphic and satisfies the Killing equation, whereas the condition (4.4)
coming from the closure of the algebra implies that it also satisfies a further Killing-like
equation involving Ω¯uv¯:
∇w¯Xu = 0 , ∇uXv¯ +∇v¯X¯u = 0 , (4.15)
Ω¯uw¯∇v¯X¯w¯ − Ω¯wv¯∇wXu = 0 . (4.16)
This shows that Xu must actually be a triholomorphic Killing vector of the Hyper-Ka¨hler
manifold, meaning that the Lie derivative along it of any of the three complex structures
Jx must vanish:
(LX+X¯Jx)UV = 0 . (4.17)
For x = 3, this is simply the statement in the first of the relations (4.15) that it is holomor-
phic with respect to the complex structure that is already manifest from the beginning,
whereas for x = 1, 2 it amounts to the additional relation (4.16), which guarantees that it
is also holomorphic with respect to the two additional complex structures.
Since XU is a triholomorphic Killing vector, it admits three different real Killing
potentials P x, one for each complex structure Jx (no sum over x):
XU = (Jx)UV∇VP x . (4.18)
Notice that the Killing potentials P x are only defined modulo constants, which are here
irrelevant. In complex coordinates one then finds Xu = Ωuv¯∇v¯P 1 = iΩuv¯∇v¯P 2 = i∇uP 3.
We see that −P 3 corresponds to the standard real Killing potential for Xu seen as holo-
morphic with respect to J3. In addition, one may however also use P 1 and P 2 to form a
complex Killing potential
P = − i
2
(P 1+ iP 2) , (4.19)
which has the property of being holomorphic with respect to J3:
∇u¯P = 0 . (4.20)
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We may then write Xu = i∇uP 3 but also Xu = iΩ¯uvPv. Comparing with (4.14), we
see that the superpotential can be identified with this holomorphic Killing potential [30],
times the phase s:
W = sP . (4.21)
Note that the phase s cannot be trivially eliminated by rescaling Xu and P , because only
a real rescaling of these quantities preserves their defining properties.
Having constructed the most general model that is invariant under both the usual and
the extra supersymmetries, we may now compute the commutator of such transformations
and check that it closes only on-shell and with a non-trivial central charge related to the
Killing vector Xu. Indeed, the superfield equations of motion read D¯2Ku − 4Wu = 0 and
thanks to the properties of the tensor Ωuv they imply that D2N¯u+4isXu = 0. Using this
equation, one then easily verifies that [δ1, δˆ2]Q
u = −2i(s¯ǫ1ǫˆ2−sǫ¯1ˆ¯ǫ2)Xu, whose right-hand
side is of the form
δcQ
u = αXu(Φ) . (4.22)
This central charge transformation corresponds to a global symmetry of the theory. In-
deed, δcK = X
uKu + X¯
u¯Ku¯ = f + f and δcW = X
uWu = isX
uΩuvX
v = 0, as a
consequence of the second of (4.6) and the first of (4.8). It follows that the Lagrangian
(4.1) is invariant.
It is worth emphasizing that it is possible to consider alternative versions of the second
supersymmetry transformations, which look different but yield the same on-shell transfor-
mations. For instance, as explained in [26] one may add to the transformation (4.2) the
trivial transformation δtQ
u = 1
2
Ω¯uv(D¯2Kv − 4sPv)ǫˆθ, which is a symmetry of the on-shell
theory since Ω¯uv is antisymmetric and the parenthesis is proportional to the equations of
motion of Qu. One then obtains δˆQu = 1
2
D¯2(N¯uˆ¯ǫθ¯)− 2is¯Xuǫˆθ.
Before going on, let us summarize some important features of Hyper-Ka¨hler manifolds
that will be relevant in the following. First, notice that the properties (4.8) imply that
Ω¯uw¯∂[sΩ
w¯
t] = 0 and that the Christoffel symbols are entirely determined in terms of Ω
u
v¯
and its conjugate:
Γust = −Ω¯uw¯∂(sΩw¯t) . (4.23)
From this expression one may compute the Ricci tensor and show that it identically
vanishes, due to the above properties of Ω¯uv¯:
Ruv¯ = 0 . (4.24)
Finally, the integrability condition associated to the differential constraint (4.8) implies
that the Riemann tensor, which is also completely determined by Ωuv¯ and its conjugate,
satisfies the following algebraic constraint:
Ωw¯[uRv]w¯st¯ = 0 . (4.25)
Using (4.9), this also implies
Ruv¯st¯ = −Ωn¯uΩ¯mv¯Rsn¯mt¯ = Ωn¯uΩ¯mv¯Ωq¯ sΩ¯pt¯Rpn¯mq¯ . (4.26)
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Let us also quote for later reference the following important property of the triholo-
morphic Killing vector Xu, which follows from eqs. (4.15) and (4.16):
∇uXu = 0 . (4.27)
To sum up, we see that in order to get an N = 2 model, the geometry must be Hyper-
Ka¨hler and the superpotential must be given by the holomorphic Killing potential defining
a triholomorphic Killing vector associated to a central charge:
L =
∫
d4θ K(Q, Q¯) +
∫
d2θ sP (Q) + h.c. . (4.28)
The component Lagrangian reads
L = −guv¯ ∂µqu∂µq¯v¯ − iguv¯ χu
(
∂/χ¯v¯ + Γv¯s¯t¯ ∂/q¯
s¯χ¯t¯
)− VS − VF , (4.29)
where:
VS = guv¯X
uX¯ v¯ (4.30)
VF =
i
2
sΩuw∇vXw χuχv + h.c.− 1
4
Ruv¯st¯ χ
uχsχ¯v¯χ¯t¯ , (4.31)
The first supersymmetry transformations are specified by the usual action of the su-
percharges on the superfields and act as follows on component fields:
δqu =
√
2 ǫ χu , (4.32)
δχu =
√
2 ǫ F u +
√
2i ∂/quǫ¯ . (4.33)
The value of the auxiliary fields F u is
F u = is¯ Ω¯uv¯X¯
v¯ +
1
2
Γust χ
sχt . (4.34)
The action of the second supersymmetry is obtained by computing the components of the
superfield expression (4.2). One finds:
δˆqu = −√2 Ω¯uv¯ ˆ¯ǫ χ¯v , (4.35)
δˆχu =
√
2 ǫˆ Fˆ u+
√
2ΓustΩ¯
s
v¯
ˆ¯ǫ χ¯v¯χt +
√
2i Ω¯uv¯∂/q¯
v¯ ˆ¯ǫ . (4.36)
The quantity Fˆ u is found to be given by
Fˆ u = Ω¯uv¯
(
F¯ v¯ + (s+ s¯)P v¯− 1
2
Γv¯s¯t¯ χ¯
s¯χ¯t¯
)
= −is¯Xu . (4.37)
The extension to supergravity is described in [14, 15]. It turns out that there is no
obstruction in coupling a model of the above type to gravity. The main new feature is
that there appears a non-trivial SU(2) bundle over the scalar manifold with curvature
proportional to M−2P , and the manifold becomes Quaternionic-Ka¨hler. In this setting, the
fact that the scalar potential depends on a Killing vector can be understood as coming
from a gauging, of the type described in [31] and involving the graviphoton A0µ. To see
how it works, it is convenient to rewrite Xu in terms of some new Xu0 with dimension 1
rather than 2, by introducing some mass scale µ and defining Xu =
√
2µX0. One may
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further promote the mass scale µ to a complex mass parameter including the arbitrary
phase s appearing in the supersymmetry transformations laws, L0 = −isµ, and write:
Xu =
√
2is¯ Xu0L
0 . (4.38)
Correspondingly, one may rewrite the Killing potentials as P x =
√
2is¯ P x0 L
0, in such a
way that P =
√
2is¯ P0L
0. For simplicity, we set from now on s = i, corresponding to L0
real, but it is clear that an arbitrary s and a complex L0 can be easily restored. We then
see that the Lagrangian obtained above coincides with the one that emerges by taking
a suitable rigid limit of N = 2 supergravity coupled to hyper multiplets with a gauging
of the central charge by the graviphoton A0µ, whose action involves X
u
0 . The non-trivial
superpotential of the rigid theory, which is the generalization of the mass terms for the
hyper multiplets that are allowed already in renormalizable theories, is obtained in the
double scaling limit in which the Planck scale is sent to infinity and the graviphoton
coupling to zero, but in such a way that their product gives rise to a finite mass scale.
Notice finally that the scalar potential can be rewritten in a more familiar way by
switching to general real coordinates: 2guv¯X
u
0 X¯
v¯
0 = gUVX
U
0 X
V
0 . One gets then the same
result as in [14, 15], namely:
VS = gUVX
U
0 L¯
0XV0 L
0 . (4.39)
4.1 Supertrace
At a generic point in the scalar field space and for vanishing fermions, the auxiliary fields
simplify to
F u = Ω¯uv¯X¯
v¯ . (4.40)
The corresponding hatted quantities similarly simplify to
Fˆ u = Ω¯uv¯F¯
v¯ = −Xu . (4.41)
The mass matrix of the scalar fields is given by
(m20)uv¯ = ∇uXw∇v¯X¯w −Ruv¯st¯ F sF¯ t¯ , (4.42)
(m20)uv = −Rus¯vt¯Ωs¯mΩt¯ nFmFn + ΓtuvVSt . (4.43)
The mass matrix of the fermions is instead
(m1/2)uv = −Ω(uw∇v)Xw . (4.44)
Recalling that Hyper-Ka¨hler manifolds are Ricci-flat, one easily computes
tr[m20] = 2∇uXv∇uX¯v , (4.45)
tr[m21/2] = ∇uXv∇uX¯v . (4.46)
It follows that the supertrace of the mass matrix vanishes [13]:
str[m2] ≡ tr[m20]− 2 tr[m21/2]
= 0 . (4.47)
This result also follows directly from (2.14) and the fact that Hyper-Ka¨hler manifolds are
Ricci-flat.
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4.2 Metastability
The possible vacua of the theory correspond to points in the scalar manifold that satisfy
the stationarity condition VSu = 0. This reads:
Ωuw∇vXwF v = 0 . (4.48)
On the vacuum one has δψu =
√
2ǫF u and δˆψu =
√
2ǫˆFˆ u, and the first and second
supersymmetries are spontaneously broken respectively if some of the auxiliary fields F u or
some of the Fˆ u are non-vanishing. The order parameters are the norms of the two vectors
formed out of these two types of quantities. Since Fˆ u ˆ¯Fu = F
uF¯u, these two norms actually
coincide and both define the scalar potential energy, in two equivalent ways emphasizing
the two supersymmetries: VS = F
uF¯u = Fˆ
u ˆ¯Fu. In such a situation, there are then two
massless Goldstini given by:
η =
√
2 F¯uχ
u , ηˆ =
√
2 ˆ¯Fuχ
u . (4.49)
Indeed, the stationarity condition implies that these are both flat directions of the fermion
mass matrix:
mη = 0 , mηˆ = 0 . (4.50)
In this case the two supersymmetries can only be broken simultaneously. This is due to the
fact that the conditions that F u and Fˆ u vanish are equivalent, since they are related by
the invertible relation (4.41). From the structure of the supersymmetry transformations,
we see that the four would-be supersymmetric scalar partners of these fermionic modes,
the sGoldstini, can be parametrized by the four independent real linear combinations that
one can form with the two complex Goldstino vectors ηu =
√
2F u and ηˆu =
√
2 Fˆ u:
ϕ+ = F¯uq
u + Fu¯q¯
u¯ , ϕ− = iF¯uq
u − iFu¯q¯u¯ , (4.51)
ϕˆ+ =
ˆ¯Fuq
u + Fˆu¯q¯
u¯ , ϕˆ− = i
ˆ¯Fuq
u − iFˆu¯q¯u¯ . (4.52)
The masses of these four scalar modes can now be computed by evaluating the scalar
mass matrix along the directions ϕU+ = (F
u, F¯ u¯), ϕU− = (iF
u,−iF¯ u¯), ϕˆU+ = (Fˆ u, ˆ¯F u¯) and
ϕˆU− = (iFˆ
u,−i ˆ¯F u¯), and dividing by the length of these vectors, which is 2F uF¯u = 2Fˆ u ˆ¯Fu.
Notice that F u and Fˆ u are orthogonal, Fˆ uF¯u = 0, and should thus lead to two independent
informations.
Viewing the theory as an N = 1 theory with F breaking, the first pair of masses is
given by eq. (2.19), with R given by (2.20). The constraints imposed by the fact that the
geometry is Hyper-Ka¨hler do not substantially simplify neither the stationarity condition
nor the form of the curvature at a stationary point, and one still has:
R = generically non-zero . (4.53)
Coming back to the N = 2 picture, one may compute more explicitly all the four
masses. After using the stationarity condition to simplify the results, one obtains:
m2ϕ± = (R ±R∆)F uF¯u , (4.54)
m2ϕˆ± = (Rˆ ± Rˆ∆)F uF¯u . (4.55)
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The terms involving the quantity R and Rˆ come from the contributions of the Hermitian
block (m20)i¯ of the mass matrix, whereas the terms involving R∆ and Rˆ∆ correspond to
the contributions from the complex block (m20)ij . In this case, these quantities are all
related to sectional curvatures, and one finds
R = −Ruv¯st¯F
uF¯ v¯F sF¯ t¯
(FwF¯w)2
, (4.56)
R∆ = −Ruv¯st¯F
u ˆ¯F v¯F s ˆ¯F t¯
2(FwF¯w)2
+ h.c. , (4.57)
Rˆ = −Ruv¯st¯ Fˆ
u ˆ¯F v¯F sF¯ t¯
(FwF¯w)2
, (4.58)
Rˆ∆ = −Ruv¯st¯ Fˆ
u ˆ¯F v¯Fˆ s ˆ¯F t¯
(FwF¯w)2
. (4.59)
It then follows that
m2ϕ ≡
1
2
(
m2ϕ+ +m
2
ϕ−
)
= RF uF¯u , (4.60)
mˆ2ϕˆ ≡
1
2
(
m2ϕˆ+ +m
2
ϕˆ−
)
= Rˆ F uF¯u . (4.61)
This represents exactly the same type of information as in the case of N = 1 theories with
chiral multiplets, but once for each supersymmetry.
The crucial sharpening in the necessary conditions for metastability comes now when
one takes into account that the scalar manifold is not only Ka¨hler but actually Hyper-
Ka¨hler. From (4.26) it follows indeed that:
Rˆ = −Rˆ∆ = −R . (4.62)
The four sGoldstino masses then simplify to:
m2ϕ± = (R ±R∆)F uF¯u , (4.63)
m2ϕˆ+ = 0 , m
2
ϕˆ− = −2RF uF¯u . (4.64)
This finally leads to the following results:
m2ϕ sing ≡ m2ϕˆ+ = 0 , (4.65)
m2ϕ trip ≡
1
3
(
m2ϕ++m
2
ϕ−+m
2
ϕˆ−
)
= 0 . (4.66)
The first of these implies that there is always a massless mode, which can be interpreted
as the Goldstone boson of the spontaneously broken central charge symmetry. The second
implies instead that there generically occurs at least one tachyonic mode.
The above results can be made more transparent by switching to more general real
coordinates and exploiting the SU(2) symmetry rotating the three complex structures
(Jx)UV . More precisely, the four sGoldstini can be organized as a singlet ϕ
U
0 = X
U plus
a triplet ϕUx = (J
x)UVX
V , so that modulo irrelevant factors ϕU0 = ϕˆ
U
+ and ϕ
U
1 = ϕ
U
+,
ϕU2 = ϕ
U
−, ϕ
U
3 = ϕˆ
U
−. One then has m
2
ϕ0 = 0, corresponding again to the Goldstone mode
of the spontaneously broken central charge symmetry, and
∑
xm
2
ϕx = 0, corresponding to
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an SU(2) invariant sum rule on the masses of the remaining triplet of sGoldstini. More
precisely, one finds:
m2ϕ0 = 0 , (4.67)
m2ϕx = −2Rx F uFu , (4.68)
where Rx denotes the holomorphic sectional curvature defined by the complex structure
(Jx)UV and the direction X
U :
Rx =
RUVMNX
U (JxX)VXM (JxX)N
(XKX¯K)2
. (4.69)
Indeed, one easily verifies that R1 = −12(R + R∆), R2 = −12(R − R∆) and R3 = R.
Moreover, the result (4.66) is now seen to descend directly from the integrability condition
of the covariant constancy of the three complex structures, which reads Ωw¯[uRv]w¯st¯ = 0
and implies the following sum rule:∑
x
Rx = 0 . (4.70)
Summarizing, besides the N = 1 information on two of the sGoldstini, which implies
that m2ϕ1+m
2
ϕ2 = 2RF
uF¯u, there is a further information on the other two sGoldstini
coming from the second supersymmetry and which implies that m2ϕ0 = 0, correspond-
ing to the Goldstone mode associated to the spontaneous breaking of the central charge
symmetry, and mϕ3 = −2RF uF¯u. It follows that one of the sGoldstini always has a non-
positive square mass, independently of the sign of R. It should be emphasized that the
N = 1 metastability condition is recovered through the average of the sGoldstino masses
associated to the first and second non-canonical complex structures, and not through the
sGoldstino mass associated to the third canonical complex structure, which has instead
the opposite sign.
The above results are the rigid limit of the results obtained in [8] for the supergravity
case. The cosmological constant reads VS = F
uF¯u − 3m23/2M2P and the relevant combina-
tion of sGoldstino masses is
m2ϕ trip = −2M−2P F uF¯u +
16
3
m23/2 . (4.71)
We see again that the main features of this result are also captured in the rigid limit, in
which m3/2 → 0 and MP → ∞. Gravitational effects influence only quantitatively the
result. For the triplet sGoldstino, the first term partly arises from the fact that in the
local case the scalar manifold is Quaternionic-Ka¨hler, rather than Hyper-Ka¨hler, and the
sum rule (4.70) is deformed due to the SU(2) curvature of order M−2P characterizing these
manifolds. The singlet sGoldstino, on the other hand, is unphysical in the local case, the
corresponding degree of freedom being eaten by the graviphoton. But in the limit defined
by the double scaling in which MP → ∞ and g → 0 with gMP → finite, this becomes
the physical massless Goldstone boson of the spontaneously broken central charge global
symmetry. This clarifies the rigid limit interpretation of the result of [8]. It also allows to
check their structure and their normalization by comparing them with the corresponding
result found here. By doing so, one verifies in particular that the sectional curvatures
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must appear with opposite signs in the N = 1 and the N = 2 sGoldstino masses. This
is related to the sum rule R1 + R2 = −R3 + O(M−2P ) holding on the three holomorphic
sectional curvatures. One however also sees that the N = 2 result of [8] must be wrong by
a factor of 2 in its dependence on the curvature, whereas the sign is correct. We believe
it may simply miss an overall factor of 2 in its normalization, which we have included in
(4.71).
In this case it is not clear to what extent the necessary condition for metastability
could be made sufficient by allowing a tuning. Indeed, from the N = 1 perspective the
superpotentialW is not arbitrary but rather related to an isometry of the geometry defined
by K. This substantially restricts the freedom to adjust it.
5 N=2 models with vector multiplets
Let us continue by considering the case of N = 2 theories with nV vector multiplets
Va. This is a particular case of N = 1 theory with nC = nV chiral multiplets Φi plus
nV = nV vector multiplets V
a. The most general two-derivative Lagrangian is specified
by a real Ka¨hler potential K, a holomorphic superpotential W , a holomorphic gauge
kinetic function fab, some holomorphic Killing vectors X
i
a and some real Fayet-Iliopoulos
constants ξa, and in N = 1 superspace it reads
L =
∫
d4θ
[
K(Φ, Φ¯, V ) + ξaV
a
]
+
∫
d2θ
[
W (Φ) +
1
4
fab(Φ)W
aαW bα
]
+ h.c. . (5.1)
The existence of a second supersymmetry mixing different N = 1 superfields implies
further strong restrictions on K, W , fab and X
i
a. To work out these restrictions, we follow
again the logic of [13], with some additional ingredients taken from [32] (see also [33]) to
obtain the most general allowed superpotential, and also some generalization to make the
formulation covariant under general field reparametrizations.
The general form of the second supersymmetry can be parametrized in terms of two
holomorphic functions f ia and L
a plus some complex constants ma, and takes the following
form:4
δˆΦi =
√
2if ia(Φ) ǫˆ W
a , (5.2)
δˆV a = −√2i(L¯a(Φ¯)− i f abc L¯b(Φ¯)V c +O(V 2) +√8imaθ¯2)ǫˆ θ + h.c. . (5.3)
In order for this to correctly satisfy an N = 1 supersymmetry subalgebra, more pre-
cisely [δˆ1, δˆ2]Φ
i = −2i(ǫˆ1σµˆ¯ǫ2 − ǫˆ2σµˆ¯ǫ1)∂µΦi and [δˆ1, δˆ2]V a = −2i(ǫˆ1σµˆ¯ǫ2 − ǫˆ2σµˆ¯ǫ1)∂µV a,
one needs to impose some relation between the functions f ia and L
a. A straightforward
computation shows that one just needs to require that:
f ia∂iL
b = δba , f
i
a∂jL
a = δij . (5.4)
The invariance of the action defined by (5.1) under this second supersymmetry is
instead guaranteed by the following constraints, where Ma and fa denote arbitrary holo-
4The transformation (5.3) implies that δˆW a = i√
8
ǫˆ D¯2L¯a(Φ¯) +
√
2 ∂/La(Φ) ˆ¯ǫ+O(V ) + 4ma ǫˆ
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morphic functions and ea some complex constants:
fab = −if ia ∂iMb = −if ib ∂iMa , f iaKi
∣∣
V=0
− 1
2
fabL¯
b − i
2
M¯a = fa , (5.5)
Wif
i
a =
√
2
(
ea + ifabm
b
)
, Xia = f
i
bf
b
ac L
c , (5.6)
ξa, ea,m
b = 0 whenever f abc 6= 0 , ifadf dbc Lc = −f cba Mc . (5.7)
To find out the geometrical meaning of the above constraints, we need first of all to
interpret the meaning of the holomorphic functions La appearing in the transformation
laws and the holomorphic functionsMa parametrizing the constraints put by the invariance
of the action. Concerning La, it is natural to think of them as representing a general
reparametrization of the original fields Φi. One can then define the Jacobian matrix of
this transformation:
fai = ∇iLa . (5.8)
The constraints (5.4) from the closure of the algebra then imply that this Jacobian matrix
is invertible and that the functions f ia are given by the inverse of this matrix:
f ia = (f
-1)ia . (5.9)
Concerning Ma, we may similarly introduce the matrix
hai = ∇iMa , (5.10)
and denote its inverse by
hai = (h-1)ai . (5.11)
The two constraints (5.5) coming from the invariance of the action then imply the following
relations for the gauge kinetic function fab and the Ka¨hler metric gi¯, where hab denotes
the real part of fab:
fab = −if iahib = −if ibhia , (5.12)
gi¯ = habf
a
i f¯
b
¯ . (5.13)
We now observe that the first of the relations (5.5) can be rewritten in terms of La and
Ma as fab = −i∂Mb/∂La = −i∂Ma/∂Lb, and implies thus that modulo some irrelevant
constants the functionsMa must be the gradients with respect to the functions L
a of some
holomorphic function M :
M = holomorphic prepotential . (5.14)
In other words, this means that the index a inMa can be interpreted as the derivative with
respect to La. It finally follows that the Ka¨hler potential and the gauge kinetic function
are both determined by the prepotential M and read:
K =
i
2
(
M¯aL
a − L¯aMa
)
+O(V ) = i
2
(
(M¯ e−2V )aL
a − (L¯ e−2V )aMa
)
, (5.15)
fab = −iMab . (5.16)
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This is the statement that the geometry is Special-Ka¨hler [34, 9, 35, 36], with La and Ma
playing the roles of the electric and magnetic components of the symplectic sections.
Concerning the superpotential, the constraints (5.6) and (5.7) from the invariance of
the action imply that it is restricted to be a linear combination of the electric and magnetic
sections La and Ma corresponding to Abelian factors, with complex coefficients ea and
ma:
W =
√
2
(
eaL
a +maMa
)
. (5.17)
This superpotential for the N = 1 chiral superfields Φi, which is linear in the sections,
represents the N = 2 completion of the possibility of having a linear Fayet-Iliopoulos
term for the N = 1 vector superfields V a. More precisely, the term linear in La is
trivially invariant on its own, thanks to the fact that the natural partners of the vector
superfields V a under the second supersymmetry are the sections La, in the sense that
δˆLa =
√
2iǫˆW a. On the other hand, the term in Ma is non-trivially invariant, and its
variation δˆMa = −
√
2ǫˆfabW
b is canceled by the extra variation of the vector kinetic term
induced by the explicit shift in δˆW a proportional to the coefficients ma.
We see that the well-known symplectic structure of N = 2 theories with only vector
multiplets emerges quite naturally from this framework. Moreover, one automatically finds
a coordinate-covariant formulation, along the lines of [37, 38]. For vanishing non-Abelian
gauge couplings and vanishing Fayet-Iliopoulos parameters, the theory is invariant under
a duality symmetry acting as symplectic transformations on the sections (La,Ma).
At this point, one may check that the two supersymmetries commute, meaning that
there is no central charge in this case: [δ1, δˆ2]Φ
i = 0, [δ1, δˆ2]V
a = 0. This means that the
full supersymmetry algebra closes off-shell.
The form of the gauge transformations leaving the action invariant is fixed by the
expression (5.6) that the Killing vector must take:5
δgΦ
i = f iaf
a
bc Λ
bLc , (5.18)
δgV
a = − i
2
(
Λa − Λ¯a) + 1
2
f abc
(
Λb + Λ¯b)V c +O(V 2) . (5.19)
This means that the sections La must transform in the adjoint representation of the gauge
group: δLa = f abc Λ
bLc. The properties (5.7) then guarantee that the Lagrangian is gauge
invariant. Indeed, the invariance of the Ka¨hler potential requires that δMa = −f cba ΛbMc.
But since δMa = MadδL
d, this implies the constraint Madf
d
bc L
c = −f cba Mc, which
coincides with the second of (5.7). The invariance of the gauge kinetic term further
requires that δfab = 2if
d
c(a Mb)dΛ
c. But since δfab = −iMabeδLe, this implies that
Mabef
e
cd L
d = −2f dc(aMb)d. It is however straightforward to check that this relation auto-
matically follows from the former constraint, by taking a further derivative. Finally, the
invariance of the superpotential implies that it should vanish in the non-Abelian directions,
corresponding to the first condition in (5.7).
Before going on, let us summarize some important results concerning Special-Ka¨hler
geometry. The basic objects characterizing such a geometry are the sections La and the
5One also has δgW
a = f abc Λ
bW c.
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following holomorphic symmetric tensor, which is related to the third derivative of the
prepotential M [39, 40]:
Cijk =
1
2
Mabcf
a
i f
b
j f
c
k . (5.20)
Indeed, the Christoffel symbols and the Riemann tensor are found to be given by the
following expressions:
Γijk = ∂jf
a
k f
i
a − iCjklf¯ iaf la , (5.21)
Ri¯pq¯ = −CipkC¯k¯q¯ . (5.22)
From (5.21) one then deduces the following basic relation underlying Special-Ka¨hler geom-
etry, out of which the expression (5.22) for the Riemann tensor emerges as the integrability
condition:
∇ifaj = iCijkf¯ka . (5.23)
From this it also follows that:
∇[iCj]kl = 0 . (5.24)
One also easily finds
habi = −iCijkf jafkb , (5.25)
∇ihabj − 2hacihcdhbdj = −i∇iCjklfka f lb . (5.26)
In addition to the above restrictions posed by the geometry, there are also a number of
relations descending from the fact that the sections describing the scalar fields transform
in the adjoint representation and the Killing vectors Xia are rigidly fixed and given by
the second of eq. (5.6). Since the Ka¨hler potential is strictly invariant, the real Killing
potentials associated to these Killing vectors are determined byKa = −2iXiaKi = 2iX¯ ¯aK¯,
in such a way that Xia =
i
2
gi¯∇¯Ka. Using the second of (5.7) and its derivative, one then
finds the following two equivalent expressions:
Ka = f
c
ab
(
LbM¯c + L¯
bMc
)
= 2i hadf
d
bc L¯
bLc . (5.27)
From the expressions (5.6) and (5.27) one then derives the following identities:
XiaL
a = 0 , XiaL¯
a = − i
2
f¯ iaKa , KaL
a = 0 , KaL¯
a = 0 . (5.28)
The equivariance condition reads
gi¯X
i
[aX¯
¯
b] =
i
4
f cab Kc . (5.29)
Moreover, as a consequence of the identity Mabef
e
cd L
d = −2f dc(aMb)d implied by the
transformation properties of the gauge kinetic function, one finds the following cyclic
identity:
Xiahbci +X
i
bhcai +X
i
chabi = 0 . (5.30)
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Notice finally that using (5.23) one deduces that ∇iXa¯ = f bi f¯ c¯
(
f dab hdc + X
k
ahbck
)
, and
using then (5.30) and the fact that f bab = 0, one arrives at the following identity:
∇iXia = −2Xkb hbchcak . (5.31)
To summarize, the Lagrangian takes the following general form, after choosing the
Wess-Zumino gauge:
L =
∫
d4θ
[
K(Φ, Φ¯) +
(
Ka(Φ, Φ¯) + ξa
)
V a + 2 gi¯(Φ, Φ¯)X
i
a(Φ)X¯
¯
b(Φ¯)V
aV b
]
+
∫
d2θ
[√
2
(
eaL
a(Φ) +maMa(Φ)
)− i
4
Mab(Φ)W
aαW bα
]
+ h.c. . (5.32)
One may now verify more explicitly that this is invariant under the second supersymmetry,
by retaining only terms at most linear in the vector multiplets in eqs. (5.2) and (5.3). In
components, this gives
L = −gi¯DµφiDµφ¯¯ − 1
4
hab F
a
µνF
bµν +
1
4
kab F
a
µν F˜
bµν − igi¯ ψi
(
D/ ψ¯¯ + Γ¯m¯n¯D/ φ¯
m¯ψ¯n¯
)
− i
2
hab λ
aD/ λ¯b + h.c.− i√
2
Cijkf
j
af
k
b λ
aσµνψiF bµν + h.c.− VS − VF , (5.33)
where:
VS = 2h
ab(ea + ifacm
c)(e¯b − if¯bdm¯d) + 1
8
hab(Ka+ ξa)(Kb+ ξb) , (5.34)
VF =
1
2
[√
2i Cijkf¯
ka
(
(ea − if¯abmb)ψiψj + (e¯a − if¯abm¯b)f ibf jcλbλc
)
+
√
8
(
X¯ai +
1
4
Cijkf
j
a f¯
kb(Kb+ ξb)
)
ψiλa
]
+ h.c.
−1
4
Ri¯kl¯
(
ψiψkψ¯¯ψ¯l¯ + f iaf
k
b f¯
¯
c f¯
l¯
d λ
aλbλ¯cλ¯d + 2fka f¯
l¯
b ψ
iλaψ¯¯λ¯b
)
+
1
4
[(
i∇iCjkl + 2CikmCjlnfmc f¯nc
)
fka f
l
b ψ
iψjλaλb
+CikmCjlnf
m
c f¯
ncfka f
l
b ψ
iλaψjλb
]
+ h.c. . (5.35)
The first supersymmetry transformation laws involve not only the usual action of
the supercharge, but also a compensating gauge transformation with superfield parameter
Λa = 2iθσµǫ¯Aaµ+2θ
2ǫ¯λ¯a needed to preserve the Wess-Zumino gauge choice. The additional
gauge transformation turns the ordinary derivative appearing in δψi into a gauge-covariant
derivative, and one finds
δφi =
√
2 ǫ ψi , (5.36)
δψi =
√
2 ǫ F i +
√
2iD/φi ǫ¯ , (5.37)
δAaµ = iǫ σµλ¯
a − iλaσµ ǫ¯ , (5.38)
δλa = iǫDa + σµνǫ F aµν . (5.39)
The auxiliary fields F i and Da are given by
F i = −√2 f¯ ia(e¯a − if¯abm¯b) + 1
2
Γimn ψ
mψn +
i
2
C¯im¯n¯f¯
m¯
a f¯
n¯
b λ¯
aλ¯b , (5.40)
Da = −1
2
hab(Kb+ ξb)− 1√
2
Cijkf¯
jafkb ψ
iλb + h.c. . (5.41)
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The second supersymmetry transformation laws similarly involve not only (5.2), (5.3),
but also a gauge transformation with superfield parameter Λˆa = −√8θǫˆL¯a − 2θ2fai ǫˆψi,
needed to preserve the Wess-Zumino gauge. The extra gauge transformation shifts the
Da auxiliary field appearing in δˆψi by habKb, and one finds
δˆφi =
√
2 ǫˆ f iaλ
a , (5.42)
δˆψi =
√
2 ǫˆ Fˆ i +
√
2 ∂jf
i
aψ
j(ǫˆλa) + σµν ǫˆ f iaF
a
µν , (5.43)
δˆAaµ = −i ǫˆ σµf¯aı¯ ψ¯ı¯ + ifai ψiσµ ˆ¯ǫ , (5.44)
δˆλa = iǫˆ Dˆa +
√
2i fai D/φ
i ˆ¯ǫ . (5.45)
The quantities Fˆ i and Dˆa appearing in these expressions are found to be given by
Fˆ i =
i√
2
f ia
(
Da + habKb
)
=
i√
8
f¯ ia(Ka − ξa) + ferm. , (5.46)
Dˆa = −√2i (f¯aı¯ F¯ ı¯ +√8ima − 12 ∂ı¯fa¯ ψ¯ı¯ψ¯¯) = 2i hab(eb − if¯bcmc) + ferm. . (5.47)
It is clear from the form of these expressions that the vectors (λa, fai ψ
i) are doublets
of the SU(2)R automorphism group of the N = 2 supersymmetry algebra. In particular,
the second supersymmetry transformation can be obtained by supplementing the first
supersymmetry transformation with the non-trivial element of the center Z2 of SU(2)R,
acting as (λa, fai ψ
i) → (−fai ψi, λa). The above transformation laws, derived by using
an N = 1 superfield approach, agree with those derived in a component approach in
[41, 42, 43, 44] by imposing the above Z2 invariance, in the special case where f
a
i = δ
a
i .
The extension to supergravity was developed in [34, 35, 14, 15]. It presents again some
subtleties related to those terms in the action that were not genuinely but accidentally
invariant. More precisely, it turns out that models of the above type can be consistently
coupled to gravity only if the coefficients of the Fayet-Iliopoulos terms and the electric
and magnetic linear superpotentials satisfy some restrictions. Again, this is due to the
fact that the trivial invariance of such terms in the rigid limit is spoiled by gravitational
effects. The main new feature is that there appears a non-trivial U(1) bundle over the
scalar manifold with curvature proportional to M−2P , and the manifold becomes Special-
Ka¨hler-Hodge. To spell out more precisely the restrictions that need to be imposed on
the N = 2 Fayet-Iliopoulos terms, let us set the complex magnetic constants to 0:6
ma = 0 . (5.48)
Let us furthermore parametrize the real Fayet-Iliopoulos constants ξa and the complex
electric constants ea in terms of a triplet of real constants P
x
a :
P 1a = 2Re(ea) , P
2
a = 2 Im(ea) , P
3
a =
1
2
ξa . (5.49)
It is quite common to introduce also a similar notation for the non-Abelian part of the
Killing potential, which is however not a constant but a real function of the scalar fields,
and behaves as a singlet:
P 0a = −
1
2
Ka . (5.50)
6For the inclusion of magnetic gaugings, see [45, 46, 47].
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The statement is then that in supergravity the triplet of constants P xa must satisfy a
non-trivial equivariance condition, and are thus constrained. More precisely, there is a
non-trivial effect coming from an SU(2) curvature, which is of order M−2P and is thus
a genuine supergravity effect. For Abelian factors, however, this is the only term that
arises, and one then obtains a constraint that is independent of M−2P and survives in the
rigid limit. This constraint on N = 2 theories is the analogue of the constraint on N = 1
theories that the Fayet-Iliopoulos term can arise only under the very special circumstance
that it is associated to a gauged U(1)R symmetry, and it reads
ǫxyzP yaP
z
b = 0 . (5.51)
This means that when interpreted as trivectors, the P xa for the various values of a must
all be parallel. The general solution to this equivariance condition is then parametrized
in terms of a single trivector P x, whose direction defines a definite U(1)R subgroup of
SU(2)R, and some real coefficients pa:
P xa = paP
x . (5.52)
Notice that in terms of the original coefficients, this restriction implies that besides having
the ξa real, one needs also the ea to have all the same phase z. We shall here allow for non-
zero ξa, contrarily to what we did in the N = 1 case, since as soon as P
x is not zero, we
are in the peculiar situation where a U(1)R symmetry is gauged when gravity is switched
on. From now on, we will then restrict to theories of this type, admitting a consistent
coupling to gravity, whereas we shall discard to other more peculiar possibility of gauging
the whole SU(2)R. In this situation, the superpotential takes the form W =
√
2 z|ea|La
and as a result it satisfies the following relation, descending from (5.23):
∇iWj = iz2CijkW¯ k . (5.53)
Notice finally that one can reshuffle the scalar potential (5.34) as follows. For the
F -term part, we get 2habeae¯b =
1
2
hab(P 1aP
1
b + P
2
aP
2
b ). For the D-term part, three types
of terms arise. First, we see from (5.28) that 1
8
habKaKb =
1
2
gi¯X
i
aL¯
aX¯jbL
b = 1
2
habP 0aP
0
b .
Next, 1
8
habξaξb =
1
2
habP 3aP
3
b . Finally, from the second of (5.27) and the fact that ξa is
non-vanishing only for Abelian factors, it follows that 1
4
habKaξb = 0. The scalar potential
can then be rewritten in the following form, which reproduces that of [14, 15]:
VS =
1
2
gi¯X
i
aL¯
aX¯ ¯bL
b +
1
2
habP xa P
x
b
=
1
2
hab
(
P 0aP
0
b + P
x
a P
x
b
)
. (5.54)
5.1 Supertrace
At a generic point in the scalar field space and for vanishing fermions and vector fields,
the auxiliary fields simplify to
F i = −√2 f¯ iae¯a , (5.55)
Da = −1
2
hab(Kb+ ξb) . (5.56)
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The corresponding hatted quantities similarly simplify to
Fˆ i =
i√
2
f ia
(
Da + habKb
)
=
i√
8
f¯ ia(Ka− ξa) = Fˆ i⊥ + Fˆ i‖ , (5.57)
Dˆa = −√2i f¯aı¯ F¯ ı¯ = 2i habeb . (5.58)
The mass matrix of the scalar fields is given by
(m20)i¯ = −Ri¯kl¯
(
2F kF¯ l¯ + fka f¯
l¯
bD
aDb
)
+ habX¯aiXb¯
+
i
2
(∇iXa¯ − 2hbchabiXc¯)Da + h.c. , (5.59)
(m20)ij =
i
2
∇iCjkl
(
2 z2F kF l + fka f
l
bD
aDb
)− habX¯aiX¯bj
+2ihbchab(iX¯cj)D
a + ΓkijVSk , (5.60)
The mass matrix of the fermions reads instead
(m1/2)ij = −iz2Cijk F k , (5.61)
(m1/2)ab = −iCijkf iaf jb F k , (5.62)
(m1/2)ia =
√
2 X¯ai − 1√
2
Cijkf
j
af
k
b D
b . (5.63)
Finally, the mass matrix of the vectors is
(m21)ab = 2X
i
(aX¯b)i . (5.64)
A straightforward computation gives
tr[m20] = 2Ri¯
(
2F iF¯ ¯ + f iaf¯
¯
b D
aDb
)
+ 2habX¯aiX
i
b − 4i hbchabiXicDa + h.c. (5.65)
tr[m21/2] = Ri¯
(
2F iF¯ ¯ + f iaf¯
¯
b D
aDb
)
+ 4habX¯aiX
i
b − 2i habhbciXiaDc + h.c. , (5.66)
tr[m21] = 2h
abX¯aiX
i
b . (5.67)
It follows that the supertrace of the mass matrix vanishes [13]:
str[m2] ≡ tr[m20]− 2 tr[m21/2] + 3 tr[m21]
= 0 . (5.68)
This result also follows directly from (3.31) and the properties that the Christoffel sym-
bols are related to the derivative of the gauge kinetic function, the Ricci tensor to the
contraction between two of these, and finally that the trace of the charge matrix satisfies
the property (5.31).
5.2 Metastability
The possible vacua of the theory correspond to points in the scalar manifold that satisfy
the stationarity condition VSi = 0, which implies
− i
2
Cijk
(
2 z2F jF k + f jaf
k
b D
aDb
)
+ iX¯aiD
a = 0 (5.69)
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The relation (3.33) between the values of the F i and Da auxiliary fields can be simplified
a bit by using the fact that f iaF¯i vanishes for non-Abelian generators. One finds
iXkahbck f
b
i f¯
c
¯F
iF¯ ¯ −Xi(aX¯b)iDb +
1
2
f dab kdcD
bDc = 0 . (5.70)
On the vacuum, one has δψi =
√
2ǫF i, δλa = iǫDa, δˆψi =
√
2ǫˆFˆ i, δˆλa = iǫˆDˆa, and
the first and second supersymmetries are spontaneously broken respectively if some of the
auxiliary fields F i, Da or some of the Fˆ i, Dˆa are non-vanishing. The order parameters
are given by the norms of the two vectors built out of these two sets of quantities. Since
Fˆ i ˆ¯Fi =
1
2
DaDa and
1
2
DˆaDˆa = F
iF¯i, these two norms actually coincide and define again in
two equivalent ways, emphasizing the two supersymmetries, the scalar potential energy:
VS = F
iF¯i +
1
2
DaDa = Fˆ
i ˆ¯Fi +
1
2
DˆaDˆa. In such a situation, there are then two massless
Goldstini, associated to the two independent supersymmetries and given by:
η =
√
2F¯iψ
i + iDaλ
a , ηˆ =
√
2 ˆ¯Fiψ
i + iDˆaλ
a , (5.71)
In fact, one can verify that the stationarity condition and the gauge invariance of the
superpotential imply that these are always flat directions of the fermion mass matrix:
mη = 0 , mηˆ = 0 . (5.72)
In the situation under consideration, the two supersymmetries can only be broken simul-
taneously.7 The sGoldstini are in this case linear combinations of scalars and vectors, but
the relevant thing to look at is the projection along the scalar field space. One then gets
four independent real linear combinations, corresponding to the projection of the complex
Goldstino vectors ηi =
√
2F i and ηˆi =
√
2Fˆ i:
ϕ+ = F¯iφ
i + Fı¯φ¯
ı¯ , ϕ− = iF¯iφ
i − iFı¯φ¯ı¯ , (5.73)
ϕˆ+ =
ˆ¯Fiφ
i + Fˆı¯φ¯
ı¯ , ϕˆ− = i
ˆ¯Fiφ
i − iFˆı¯φ¯ı¯ . (5.74)
The masses of these four scalar modes can now be computed by evaluating the scalar
mass matrix along the directions ϕI+ = (F
i, F¯ ı¯), ϕI− = (iF
i,−iF¯ ı¯), ϕˆI+ = (Fˆ i, ˆ¯F ı¯) and
ϕˆI− = (iFˆ
i,−i ˆ¯F ı¯), and dividing by the length of these vectors, which is 2F iF¯i for the first
two and 2Fˆ i ˆ¯Fi for the last two, with F
iF¯i 6= Fˆ i ˆ¯Fi. Notice however that F i and Fˆ i are in
general not orthogonal, and do thus not necessarily lead to two independent informations.
More precisely, one has Fˆ i = Fˆ i⊥+ Fˆ
i
‖ , where Fˆ
i
⊥ is non-vanishing only in the non-Abelian
case and orthogonal to F i, whereas Fˆ i‖ is non-vanishing whenever there are N = 1 Fayet-
Iliopoulos terms for some Abelian factors and is parallel to F i whenever the alignment
condition on the N = 2 Fayet-Iliopoulos terms is satisfied.
Viewing the theory as an N = 1 theory with F and D breaking, the first pair of masses
is given by eq. (3.37), with R, S, T and M2 given by eqs (3.38), (3.39), (3.40) and (3.41).
7The result (5.72) actually holds true even in more general situations where the Fayet-Iliopoulos terms
are not aligned and magnetic superpotentials are considered. In such a situation, partial supersymmetry
breaking is known to be possible [48] (see also [49, 50]). But in that case F i and Fˆ i turn out to be parallel
on the vacuum, and there is thus only one independent massless Goldstino. In models compatible with
gravity, on the other hand, partial supersymmetry breaking requires also the presence of hyper multiplets,
whose presence can modify the alignment consistency condition [51, 52].
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But the constraints imposed by the fact that the geometry is Special-Ka¨hler do in this case
substantially simplify both the stationarity condition and the form of the curvatures, and
there emerges a relation between the quantities R, S, T and M2 evaluated at a stationary
point. This relations can be derived by solving for CijkF
jF k in the stationarity condition
(5.69) and taking its square norm. One then sees that the mixed terms drop out thanks
to the properties implied by gauge invariance on the prepotential, and one deduces that
RF iF¯i =
1
4
T
(DaDa)
2
F iF¯i
+
1
2
M2
DaDa
F iF¯i
. (5.75)
Coming back to the N = 2 picture, one may compute more explicitly all the four
masses and simplify them by using the stationarity condition. To emphasize the important
aspects of the results, we shall study separately the Abelian and non-Abelian cases.
Abelian case
Consider first Abelian gauge groups. In this case Xia = 0 and Ka = 0. One then has
F¯i = − 1√2fai (P 1a + iP 2a ) and ˆ¯Fi = i√2fai P 3a , so that F iF¯i = 12hab(P 1aP 1b + P 2aP 2b ) and
Fˆ i ˆ¯Fi =
1
2
habP 3aP
3
b .
For simplicity, let us first study the situation where all the parallel Fayet-Iliopoulos
parameters are rotated in the plane where ea 6= 0 but ξa = 0. This implies that F i 6= 0
but Fˆ i = 0. As a consequence, only the first pair of sGoldstino directions is well defined,
whereas the second pair is not. The first two sGoldstino masses are easily found to be
given by:
m2ϕ± = RF
iF¯i ±∆ . (5.76)
In this expression, the quantity R originates from the contribution from the Hermitian
block (m20)i¯ of the mass matrix, whereas ∆ encodes the contribution coming from the
off-diagonal block (m20)ij. The former corresponds to a sectional curvature:
R = −Ri¯mn¯ F
iF¯ ¯FmF¯ n¯
(F kF¯k)2
. (5.77)
It then follows that
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= RF iF¯i . (5.78)
This result represents the informations associated to the first supersymmetry, to which a
non-degenerate sGoldstino can be associated.
At this point, a sharp simplification does however occur when taking into account the
form (5.22) implied for the Riemann tensor by the fact that the geometry is not only
Ka¨hler but actually Special-Ka¨hler. Indeed, we see that at a stationary point satisfying
the stationarity condition CijkF
jF k = 0, the sectional curvature R actually vanishes. This
corresponds to eq. (5.75) applied to the present case:
R = 0 . (5.79)
The two sGoldstino masses then simplify to
m2ϕ± = ±∆ . (5.80)
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It finally follows that
m2ϕ = 0 . (5.81)
Let us now consider the more general situation where ea 6= 0 and ξa 6= 0, where F i 6= 0
and Fˆ i 6= 0. In this more general situation, both pairs of sGoldstini are well defined.
However, we do not expect to get any additional information, since all the ξa can be set
to zero by an overall SU(2) transformation, and we known that VS is SU(2) invariant.
Nevertheless, it is instructive to see how it works in this case. The four sGoldstino masses
are found to be of the following form:
m2ϕ± = 2RF
iF¯i + 2R
′ Fˆ i ˆ¯Fi ±∆ , (5.82)
m2ϕˆ± = 2 Rˆ Fˆ
i ˆ¯Fi + 2R
′ F iF¯i ± ∆ˆ . (5.83)
In these expressions, the quantities R, R′ and Rˆ originate from the Hermitian block
(m20)i¯ of the mass matrix, whereas ∆ and ∆ˆ encode the contributions coming from the
off-diagonal blocks (m20)ij . As usual, only the former have simple expressions, which are
R = −Ri¯mn¯ F
iF¯ ¯FmF¯ n¯
(F kF¯k)2
, (5.84)
R′ = −Ri¯mn¯ F
iF¯ ¯Fˆm ˆ¯F n¯
(F kF¯k)(Fˆ l
ˆ¯Fl)
, (5.85)
Rˆ = −Ri¯mn¯ Fˆ
i ˆ¯F ¯Fˆm ˆ¯F n¯
(Fˆ k ˆ¯Fk)2
. (5.86)
Note that compared to the treatment of N = 1 theories with F and D breaking of section
3, the quantities R, R′ and Rˆ introduced here correspond to the quantities R, S and T ,
whereas F iF¯i and Fˆ
i ˆ¯Fi correspond to F
iF¯i and
1
2
DaDa. Using the relation (5.75), we
then see that the terms RF iF¯i, S D
aDa and T (D
aDa)
2/(4F iF¯i) in eq. (3.37) become
respectively RF iF¯i, 2R
′Fˆ i ˆ¯Fi and RF
iF¯i, and there is some simplification in the masses
of the first pair of sGoldstini, whereas the mass of the new second pair of sGoldstini takes
a similar expression with hatted and unhatted quantities exchanged. For the average of
each pair of masses, one finds
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= 2RF iF¯i + 2R
′ Fˆ i ˆ¯Fi , (5.87)
m2ϕˆ ≡
1
2
(
m2ϕˆ++m
2
ϕˆ−
)
= 2 Rˆ Fˆ i ˆ¯Fi + 2R
′ F iF¯i . (5.88)
These results represent the informations associated to the two supersymmetries. In the
case of aligned Fayet-Iliopoulos terms, however, these two expressions should coincide
and represent the same information, since F i and Fˆ i are proportional to each other:
Fˆ i = iz(p3/
√
p21 + p
2
2)F
i.
The crucial simplification comes again from the form (5.22) of the Riemann tensor in
Special-Ka¨hler geometry. First, the stationarity condition reads CijkF
jF k = z¯2CijkFˆ
jFˆ k
and leads to a relation between R and Rˆ, which is just eq. (5.75) applied to the present
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case. In addition, the alignment condition implies that F i ˆ¯F ¯ = −z¯2Fˆ iF¯ ¯ and leads to a
relation between R′ and R or Rˆ. The two relations are:
R (F iF¯i)
2 = Rˆ (Fˆ i ˆ¯Fi)
2 = −R′(F iF¯i)(Fˆ i ˆ¯Fi) . (5.89)
The expressions for the four sGoldstino masses then simplify to
m2ϕ± = ±∆ , (5.90)
m2ϕˆ± = ±∆ˆ . (5.91)
It finally follows that
m2ϕ = 0 , (5.92)
m2ϕˆ = 0 . (5.93)
As expected, these two results coincide and it is clear that they represent the same in-
formation, since they are defined out of the two complex directions F i and Fˆ i, which are
parallel. There is thus really only one SU(2)-invariant information, stating that:
m2ϕ inv = 0 . (5.94)
The above result represents the rigid limit of the result obtained in [9] for the super-
gravity case (see also [10] for a derivation of the same result in the language of [15]). The
cosmological constant reads VS = F
iF¯i +
1
2
DaDa − 3m23/2M2P and the average sGoldstino
mass is
m2ϕ inv = −2M−2P
(
F iF¯i +
1
2
DaDa
)
+ 6m23/2 . (5.95)
Again, we see that the main feature of this result, namely the fact that it is independent
of the curvature, is also captured in the rigid limit, in which m3/2 → 0 and MP → ∞.
Gravitational effects influence only quantitatively the result, making it negative instead
of zero in the case of positive cosmological constant.
Non-Abelian case
Consider next non-Abelian gauge groups. In this case Xia 6= 0 and Ka 6= 0. Then
F¯i = − 1√2fai (P 1a + iP 2a ) and ˆ¯Fi = i√2fai (P 3a + P 0a ), so that F iF¯i = 12hab(P 1aP 1b + P 2aP 2b ) and
Fˆ i ˆ¯Fi =
1
2
hab(P 3aP
3
b + P
0
aP
0
b ).
As before, let us consider first the case where all the parallel Fayet-Iliopoulos terms
are in the plane corresponding to ea 6= 0 and ξa = 0. One then has F i 6= 0 and Fˆ i 6= 0,
but whereas the first is truly generic the second is in fact related to the Killing vectors,
Fˆ i = − 1√
2
XiaL¯
a, and this brings up some substantial simplifications. In such a situation, all
the four sGoldstini are well defined and their masses are found to be given by the following
expressions, after using the stationarity conditions and all the relations descending from
gauge invariance:
m2ϕ± = 2RF
iF¯i + 2R
′ Fˆ i ˆ¯Fi +M
2 Fˆ
i ˆ¯Fi
F jF¯j
±∆ , (5.96)
m2ϕˆ± = 0 . (5.97)
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In these expressions, the quantities R, R′ and M2 emerge from the contribution of the
diagonal block (m20)i¯ of the mass matrix, whereas ∆ encodes the contribution from the
off-diagonal block (m20)ij . The quantities R, R
′ and M2, together with the quantity Rˆ
introduced for later use, are given by:
R = −Ri¯mn¯ F
iF¯ ¯FmF¯ n¯
(F kF¯k)2
, (5.98)
R′ = −Ri¯mn¯ F
iF¯ ¯Fˆm ˆ¯F n¯
(F kF¯k)(Fˆ l
ˆ¯Fl)
, (5.99)
Rˆ = −Ri¯mn¯ Fˆ
i ˆ¯F ¯Fˆm ˆ¯F n¯
(Fˆ k ˆ¯Fk)2
, (5.100)
M2 =
2Xka X¯bk f
a
i f¯
b
¯ Fˆ
i ˆ¯F ¯
Fˆ l ˆ¯Fl
. (5.101)
Note that compared to the treatment of N = 1 theories with F and D breaking of section
3, the quantities R, R′, Rˆ and M2 correspond to the quantities R, S, T and M2, whereas
F iF¯i and Fˆ
i ˆ¯Fi correspond to F
iF¯i and
1
2
DaDa. Using the relation (5.75), we then see that
the terms RF iF¯i, S D
aDa, T (D
aDa)
2/(4F iF¯i) and M
2DaDa/F
iF¯i in eq. (3.37) become
respectively RF iF¯i, 2R
′Fˆ i ˆ¯Fi, RF
iF¯i −M2Fˆ i ˆ¯Fi/F jF¯j and 2M2Fˆ i ˆ¯Fi/F jF¯j , and there is
some simplification in the masses of the first pair of sGoldstini. Concerning the second
pair of sGoldstini, we now observe that they can actually be identified with particular
real linear combinations of the would-be Goldstone modes σa = X¯aiφ
i +Xa¯φ
¯, and their
conjugates ρa = iX¯aiφ
i − iXa¯φ¯. Indeed, since LaXia = 0 and LaX¯ ¯a = −
√
2 ˆ¯F ¯, one has
ϕˆ+ = −
√
2ReLaσa = −
√
2 ImLaρa and ϕˆ− = −
√
2ReLaρa =
√
2 ImLaσa. We moreover
see that due to the fact that XiaL
a = 0, we are in the situation where, as explained at
the end of section 3, the Goldstone modes in the directions ReLa and ImLa are linearly
related to their conjugates in these directions. As a result, both ϕˆ+ and ϕˆ− correspond to
unphysical would-be Goldstone modes σ+ and σ−. This explains why they have vanishing
masses, and also tells us that this information should be discarded. Taking the average of
the first pair of sGoldstino masses, one is finally left with the following information:
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= 2RF iF¯i + 2R
′ Fˆ i ˆ¯Fi +M
2 Fˆ
i ˆ¯Fi
F jF¯j
. (5.102)
Once again, the special form (5.22) taken by the Riemann tensor implies some relations
among the quantities R, R′, Rˆ and M2. More precisely, the stationarity condition implies
that CijkF
jF k = z¯2CijkFˆ
jFˆ k +
√
2iz¯2X¯aif
a
j Fˆ
j and leads to a relation between R, Rˆ and
M2, which is just eq. (5.75) applied to the present case:
R (F iF¯i)
2 = Rˆ (Fˆ i ˆ¯Fi)
2 +M2Fˆ i ˆ¯Fi . (5.103)
The expressions of the masses of the first pair of sGoldstini can then be recast in the
following form:
m2ϕ± = 2R
′ Fˆ i ˆ¯Fi + 2 Rˆ
(Fˆ i ˆ¯Fi)
2
F jF¯j
+ 3M2
Fˆ i ˆ¯Fi
F jF¯j
±∆ . (5.104)
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This finally yields:
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= 2R′ Fˆ i ˆ¯Fi + 2 Rˆ
(Fˆ i ˆ¯Fi)
2
F jF¯j
+ 3M2
Fˆ i ˆ¯Fi
F jF¯j
. (5.105)
This result corresponds to the information related to the first supersymmetry. We have
seen that it can be obtained by simplifying the corresponding expression obtained in
section 3 for N = 1 theories with F andD breaking. There is instead no useful information
related to the second supersymmetry, because the corresponding sGoldstini coincide with
unphysical would-be Goldstone modes. Notice that in the limiting situations where F i 6= 0
but Fˆ i = 0, the above positive-definite result for the average masses goes to zero. One is
then back to a situation that is similar to the one arising in the Abelian case.
As before, one may now consider the more general situation with ea 6= 0 and ξa 6= 0,
where F i 6= 0 and Fˆ i 6= 0. As for the Abelian case, we do not expect to get any new
information with this generalization, because all the ξa can be set to zero through an
overall SU(2) transformation, provided the N = 2 Fayet-Iliopoulos terms are aligned. It
is nevertheless instructive to work out the results also in this more general situation. In
this case, we shall however not redo a detailed comparison with theN = 1 perspective, and
rather work out the results in a manifestly SU(2) invariant way, in order to gain insight
on how the information behaves under SU(2). Using the notation (5.49) and (5.50), the
four sGoldstino masses are found to be given by:
m2ϕ± = R′ P a0P 0a + Rˆ
(P a0P 0a )
2
P bxP xb
+ 3M2 P
a0P 0a
P bxP xb
±∆ , (5.106)
m2ϕˆ± =
P a3P 3a
P a3P 3a + P
a0P 0a
m2ϕ± , (5.107)
where
R′ = −Ri¯pq¯f
i
af¯
¯
bf
p
c f¯
q¯
d P
axP bxP c0P d0
(P eyP ye )(P f0P 0f )
, (5.108)
Rˆ = −Ri¯pq¯f
i
af¯
¯
bf
p
c f¯
q¯
d P
a0P b0P c0P d0
(P e0P 0e )
2
, (5.109)
M2 = 2X
i
aX¯bi P
a0P b0
P c0P 0c
. (5.110)
We see that (5.106) is simply the SU(2) invariant completion of (5.104), and therefore
represents the correct generalization of the information. On the other hand, (5.107) is not
SU(2) invariant and does not represent any additional information. The reason is that
when ξa 6= 0, the two directions F i and Fˆ i are no-longer orthogonal. The most appropriate
way to proceed is then to subtract from Fˆ i its projection F i‖ along F
i, and look at the
direction Fˆ i⊥. But this direction is nothing but the complex would-be Goldstone direction
XiaL¯
a, corresponding to the unphysical modes σ+ = −
√
2ReLaσa = −
√
2 ImLaρa and
σ− = −
√
2ReLaρa =
√
2 ImLaσa, which lead to vanishing masses. This shows that
(5.107) represents in fact the same information as (5.106), but diluted along an unphysical
direction. So once again the only useful information comes from the first pair of sGoldstini,
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and reads:
m2ϕ ≡
1
2
(
m2ϕ++m
2
ϕ−
)
= R′ P a0P 0a + Rˆ
(P a0P 0a )
2
P bxP xb
+ 3M2 P
a0P 0a
P bxP xb
. (5.111)
One may wonder whether it is possible to get this SU(2)-invariant information in a
more transparent way, by somehow reorganizing the four sGoldstini according to their
SU(2) transformation properties, as in the case of the hyper multiplets. To answer this
question, notice first that in this case, contrarily to the case involving only hypers, the
Lagrangian is not SU(2)-invariant, unless one promotes the Fayet-Iliopoulos constants P xa
to triplet spurions. The transformation properties of the sGoldstini are then determined
by the dependence of the Goldstino directions on the singlets P 0a and the triplets P
x
a .
Notice in this respect that we have defined the two Goldstino directions in terms of
F i ∝ f¯ ia(P 1a − iP 2a ) and Fˆ i ∝ f¯ ia(P 0a + P 3a ). But one could have equivalently used also
the other two quantities f iaD
a ∝ f¯ ia(P 0a − P 3a ) and f iaDˆa ∝ f¯ ia(P 1a + iP 2a ); these would
have given the same information in the above analysis, as a consequence of the alignment
of the triplets P xa and the relation of the singlets P
0
a to would-be Goldstone modes. Then,
considering all these four complex directions on equal footing one might equally well switch
to the linear combinations f¯ iaP 0a and f¯
iaP xa , which are clearly a singlet and a triplet of
SU(2). Notice however that due to the alignment condition P xa = paP
x, the latter three
vectors differ only by their normalization, and define thus the same direction. In this way
one recovers just two independent complex directions, which are both SU(2) invariant,
and the masses of the corresponding pairs of real sGoldstini are respectively given by 0±0
and m2ϕ ±∆, with m2ϕ given by eq. (5.111).
The above result is new. It shows that the situation improves when generalizing the
gauging from Abelian to non-Abelian. Tachyons do no longer necessarily appear, because
those states that were giving rise to them in the Abelian case receive an additional positive
definite contribution to their mass in the non-Abelian case. Note however that when
P xa = 0 one gets P
0
a = 0 at stationary points, by the reasoning after (3.33). It is thus
necessary to switch on at least some of the P xa to achieve metastability. Another case
where the result (5.111) vanishes identically is when the prepotential is quadratic, since
in that case R′ and Rˆ vanish due to the vanishing of the curvature andM2 vanishes due
to eq. (5.70) contracted with Da and the constancy of the gauge kinetic function. This
is compatible with what happens in the rigid limit of the examples constructed in [10],
where for MP →∞ the geometry becomes flat and the scalar masses tend to zero.
We expect that to obtain the generalization of this result to supergravity, one should
proceed exactly along the same lines and compute the average mass of the first pair of
sGoldstini. But as usual, the supergravity result can differ from the rigid one derived
here only by quantitative effects, suppressed by inverse powers of the Planck scale. One
should then be left with some freedom to keep the value of the average mass positive
also in the presence of gravity. Concerning the second pair of sGoldstini, we believe that
they are again associated to two would-be Goldstone modes, and do therefore not yield
any further information. Indeed, the relevant direction in group space is changed from
La to LA, with A = 0, a and involves now also the graviphoton direction, but the crucial
property XiaL
a = 0 simply generalizes to XiAL
A = 0. As a result, it remains true also
in supergravity that these two modes are both massless but unphysical. We have verified
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this statement in the explicit examples constructed in [10], where there is always a pair
of would-be Goldstone modes forming a complex scalar field.
In this case too it is unclear to what extent the necessary condition for metastability
could be made sufficient by allowing a tuning. Indeed, for a given geometry associated to
K the only things one may change are the Killing potentials defining the gauge symmetries.
But these are not arbitrary functions, and can therefore be adjusted only in a limited way.
6 N=2 models with hyper and vector multiplets
Let us finally consider the most general case of N = 2 theories with nH hyper multiplets
Hk and nV vector multiplets Va. This is a particular case of N = 1 theory containing
nC = 2nH+nV chiral multiplets Q
u and Φi plus nV = nV vector multiplets V
a. The most
general two-derivative Lagrangian is specified by a real Ka¨hler potential K, a holomorphic
superpotential W , a holomorphic gauge kinetic function fab, some triholomorphic and
holomorphic Killing vectors Xua and X
i
a, and some real Fayet-Iliopoulos constants ξa, all
subject to strong restrictions required for the existence of a second supersymmetry. We
shall not derive in full detail these restrictions, because they emerge essentially in the
same way as in the cases involving only hyper and vector multiplets, discussed in sections
4 and 5. Moreover we shall restrict from the beginning to theories where the superpotential
involves only an electric term and no magnetic term. In N = 1 superspace, the Lagrangian
is then found to take the following form:
L =
∫
d4θ
[
KH(Q, Q¯, V ) +KV (Φ, Φ¯, V ) + ξaV
a
]
(6.1)
+
∫
d2θ
[
sP (Q) +
√
2 eaL
a(Φ) +
√
2i Pa(Q)L
a(Φ)− i
4
Mab(Φ)W
aαW bα
]
+ h.c. .
Besides the normal coupling between hyper and vector multiplets, which involves the real
Killing potentials −1
2
KHa associated to the Killing vectors X
u
a , there is also an additional
coupling which involves the holomorphic Killing potentials Pa admitted by the X
u
a due to
the fact that they are triholomorphic. These extra couplings are required by the second
supersymmetry, and generalize the well-known couplings arising already in the minimal
theory based on a flat geometry between the pair of chiral multiplets forming each hyper
multiplet and the adjoint scalar contained in each vector multiplet. The self-interaction
of hyper multiplets, which represents the generalization of the hyper multiplet mass terms
in the flat case, are again described by a triholomorphic Killing vector Xu =
√
2is¯ Xu0L
0,
and the associated holomorphic Killing potential P =
√
2is¯ P0L
0.
The above Lagrangian is invariant under a second supersymmetry, which acts on the
N = 1 superfields in the following way:
δˆQu = −1
2
Ω¯uvD¯2
[(
Kv(Q, Q¯) + 2iX¯av(Q, Q¯)V
a +O(V 2))(ǫˆθ + ˆ¯ǫθ¯)]
− 2i[(s+ s¯)Xu(Q) +√2iXua (Q, Q¯)La(Φ)]ǫˆθ , (6.2)
δˆΦi =
√
2if ia(Φ)ǫˆW
a , (6.3)
δˆV a = −√2i(L¯a(Φ¯)− i f abc L¯b(Φ¯)V c +O(V 2))ǫˆθ + h.c. . (6.4)
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The full N = 2 supersymmetry algebra closes only on-shell, by using the equations of
motion of the superfieldsQu describing the hyper multiplets, and there is a central charged
acting on the latter:
δcQ
u = αXu(Q) , (6.5)
δcΦ
i = 0 , (6.6)
δcV
a = 0 . (6.7)
One may again use alternative forms of the supersymmetry transformations, which
are equivalent on-shell for the Qu. For instance, one may add to (6.2) the trivial trans-
formation δtQ
u = 1
2
Ωuv[D¯2(Kv + 2iX¯avV
a + O(V 2)) − 4sPv − 4
√
2iPavL
a]ǫˆθ, which is a
symmetry of the on-shell theory since the parenthesis is proportional to the equations of
motion of Qu. This gives δˆQu = −1
2
Ω¯uvD¯2[(Kv + 2iX¯avV
a +O(V 2))ˆ¯ǫθ¯]− 2is¯Xuǫˆθ.
The gauge transformations are defined by the triholomorphic Killing vector Xua for
Qu, and take the same fixed form as before for Φi and V a, corresponding to the adjoint
representation:
δgQ
u = ΛaXua , (6.8)
δgΦ
i = f iaf
a
bc Λ
bLc , (6.9)
δgV
a = − i
2
(
Λa − Λ¯a) + 1
2
f abc
(
Λb + Λ¯b)V c +O(V 2) . (6.10)
The Killing vectors are related to the Killing potentials in the usual way, both in the
hyper and in the vector multiplet sectors:
Xia =
i
2
gi¯∇¯KVa , Xua =
i
2
guv¯∇v¯KHa . (6.11)
The equivariance conditions following from the fact that these Killing vectors Xia and X
u
a
are holomorphic take the usual form:
gi¯X
i
[aX¯
¯
b] =
i
4
f cab K
V
c , guv¯X
u
[aX¯
v¯
b] =
i
4
f cab K
H
c . (6.12)
In addition, there is an other equivariance condition emerging in the hyper multiplet
sector, due to the fact that Xua is actually triholomorphic. More precisely, exploiting the
fact that it is also holomorphic with respect to the two extra complex structures yields
the following extra complex condition, involving the holomorphic Killing potential Pc:
ΩuvX
u
aX
v
b = if
c
ab Pc . (6.13)
We see that this condition is actually crucial to guarantee the gauge invariance of the term
in the superpotential that mixes hyper and vector multiplets. Finally, global central charge
invariance of the minimal gauge coupling KaV
a and gauge invariance of the superpotential
P =
√
2is¯P0L
0 for hyper multiplets impose two further constraints, one real and one
complex, which read:
guv¯X
u
[0X¯
v¯
a] = 0 , ΩuvX
u
0X
v
a = 0 . (6.14)
These conditions ensure the compatibility between the local gauge symmetry and the
global central charge symmetry, which are independent.
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In the Wess-Zumino gauge, the action can be expanded at quadratic order in the vector
superfields and simplifies to the following expression:
L =
∫
d4θ
[
KH(Q, Q¯) +KV (Φ, Φ¯) +
(
KHa (Q, Q¯) +K
V
a (Φ, Φ¯) + ξa
)
V a
+2
(
guv¯(Q, Q¯)X
u
a (Q)X¯
v¯
b (Q¯) + gi¯(Φ, Φ¯)X
i
a(Φ)X¯
¯
b(Φ¯)
)
V aV b
]
+
∫
d2θ
[
sP (Q) +
√
2
(
iPa(Q) + ea
)
La(Φ)− i
4
Mab(Φ)W
aαW bα
]
+ h.c. . (6.15)
We see now that much as the real constants ξa correspond to the ambiguity in the real
Killing potentials KHa , the complex constants ea correspond to the ambiguity in the holo-
morphic Killing potentials Pa, for Abelian factors. Moreover, one may now verify more
explicitly the invariance of the couplings between hyper and vector multiplets, by keeping
terms with up to one vector multiplet in eqs. (6.2)-(6.4). In components, one finds:
L = −guv¯DµquDµq¯v¯ − gi¯DµφiDµφ¯¯ − 1
4
hab F
a
µνF
bµν +
1
4
kab F
a
µν F˜
bµν
−iguv¯ χu
(
D/ χ¯v¯ + Γv¯s¯t¯D/ q¯
s¯χ¯t¯
)− igi¯ ψi(D/ ψ¯¯ + Γ¯m¯n¯D/ φ¯m¯ψ¯n¯)− i2hab λaD/ λ¯b + h.c.
− i√
2
Cijkf
j
af
k
b λ
aσµνψiF bµν + h.c.− VS − VF , (6.16)
where:
VS = guv¯(sX
u+
√
2iXuaL
a)(s¯X¯ v¯−√2i X¯ v¯a L¯a) + 2hab
(
Pa − iea
)(
P¯b + ie¯b
)
+
1
8
hab(KHa +K
V
a + ξa)(K
H
b +K
V
b + ξb) , (6.17)
VF =
1
2
[
iΩuw∇v(sXw+
√
2iXwa L
a)χuχv −√8ΩuvXvafai χuψi +
√
8 X¯auχ
uλa
−√2Cijkf¯ka
(
(Pa − iea)ψiψj − (P¯a + ie¯a)f ibf jcλbλc
)
+
√
8
(
X¯ai +
1
4
Cijkf
j
a f¯
kb(KHb +K
V
b + ξb)
)
ψiλa
]
+ h.c.
−1
4
Ruv¯st¯ χ
uχsχ¯v¯χ¯t¯ − 1
4
Ri¯kl¯
(
ψiψkψ¯¯ψ¯l¯+f iaf
k
b f¯
¯
c f¯
l¯
d λ
aλbλ¯cλ¯d+2fka f¯
l¯
b ψ
iλaψ¯¯λ¯b
)
+
1
4
[(
i∇iCjkl + 2CikmCjlnfmc f¯nc
)
fka f
l
b ψ
iψjλaλb
+CikmCjlnf
m
c f¯
ncfka f
l
b ψ
iλaψjλb
]
+ h.c. . (6.18)
To determine the first supersymmetry transformation laws in components, one has
as usual to take into account the need for a compensating gauge transformation to stay
in the Wess-Zumino gauge, with parameter Λa = 2iθσµǫ¯Aaµ + 2θ
2ǫ¯λ¯a. The additional
gauge transformation turns the ordinary derivatives appearing in δχu and δψi into gauge-
covariant derivatives, and one finds
δqu =
√
2 ǫ χu , (6.19)
δχu =
√
2 ǫ F u +
√
2iD/ quǫ¯ , (6.20)
δφi =
√
2 ǫ ψi , (6.21)
δψi =
√
2 ǫ F i +
√
2iD/φi ǫ¯ , (6.22)
δAaµ = iǫ σµλ¯
a − iλaσµǫ¯ , (6.23)
δλa = iǫDa + σµνǫ F aµν , (6.24)
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The auxiliary fields F u, F i and Da are given by
F u = iΩ¯uv¯(s¯ X¯
v¯− i√2X¯ v¯a L¯a) +
1
2
Γust χ
sχt , (6.25)
F i =
√
2i f¯ ia(P¯a + ie¯a) +
1
2
Γimn ψ
mψn +
i
2
C¯im¯n¯f¯
m¯
a f¯
n¯
b λ¯
aλ¯b , (6.26)
Da = −1
2
hab(KHb +K
V
b + ξb)−
1√
2
Cijkf¯
jafkb ψ
iλb + h.c. . (6.27)
To determine the second supersymmetry transformation laws, one has to similarly supple-
ment the transformations (6.2)–(6.4) with a compensating gauge transformation to stay
in the Wess-Zumino gauge, with parameter Λˆa = −√8θǫˆL¯a − 2θ2fai ǫˆψi. The additional
gauge transformation shifts the F¯ v¯ auxiliary field appearing in δˆχu by −√2iP v¯a L¯a and the
Da auxiliary field appearing in δˆψi by habKb, and one finds
δˆqu = −√2 Ω¯uv¯ ˆ¯ǫ χ¯v , (6.28)
δˆχu =
√
2 ǫˆ Fˆ u +
√
2ΓustΩ¯
s
v¯
ˆ¯ǫ χ¯v¯χt +
√
2i Ω¯uv¯D/ q¯
v¯ ˆ¯ǫ , (6.29)
δˆφi =
√
2 ǫˆ f iaλ
a , (6.30)
δˆψi =
√
2ǫˆ Fˆ i +
√
2 ∂jf
i
aψ
j(ǫˆλa) + σµν ǫˆ f iaF
a
µν , (6.31)
δˆAaµ = −i ǫˆ σµf¯aı¯ ψ¯ı¯ + ifai ψiσµ ˆ¯ǫ , (6.32)
δˆλa = iǫˆ Dˆa +
√
2i fai D/φ
i ˆ¯ǫ . (6.33)
The quantities Fˆ u, Fˆ i and Dˆa are found to be given by
Fˆ u = Ω¯uv¯
(
F¯ v¯+ (s+ s¯)P v¯+
√
2i(La−L¯a)P v¯a −
1
2
Γv¯s¯t¯ χ¯
s¯χ¯t¯
)
= −is¯Xu−√2Xua L¯a,(6.34)
Fˆ i =
i√
2
f ia
(
Da + habKVb
)
=
i√
8
f¯ ia(KVa −KHa − ξa) + ferm. , (6.35)
Dˆa = −√2i(f¯aı¯ F¯ ı¯ − 12 ∂ı¯fa¯ ψ¯ı¯ψ¯¯) = −2hab(Pb − ieb) + ferm. . (6.36)
The extension to supergravity can be found in [34, 35, 14, 15]. It turns again out that
models of the above type can be consistently coupled to gravity only if the coefficients
of the Fayet-Iliopoulos terms and the part of the superpotential linear in the sections
satisfy some restrictions. The main new feature is that there appears a non-trivial SU(2)
bundle over the hyper multiplet scalar manifold and a non-trivial U(1) bundle over the
vector multiplet scalar manifold, with curvatures proportional to M−2P , and the full scalar
manifold becomes the product of a Quaternionic-Ka¨hler manifold and a Special-Ka¨hler-
Hodge manifold. To spell out more precisely the restrictions that need to be imposed on
the N = 2 Fayet-Iliopoulos terms, we proceed as before and relabel the various Killing
potentials in a more appropriate way, by defining a triplet of new potentials P xa as follows:
P 1a = −2 Im(Pa− iea) , P 2a = 2Re(Pa− iea) , P 3a =
1
2
(
KHa + ξa
)
, (6.37)
One may also introduce as before the notation
P 0a = −
1
2
KVa . (6.38)
The triplet of functions P xa must satisfy a non-trivial equivariance condition, and are thus
constrained. As before, there is a non-trivial effect coming from the curvature of the
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SU(2), which is of order M−2P and is thus a genuine supergravity effect. For Abelian
factors under which no hyper multiplet is charged, however, this is the only term that
arises, and one then obtains a constraint that is independent of M−2P , and survives thus
in the rigid limit. This constraint takes the form (5.51), whose solution is (5.52). For
non-Abelian factors, on the other hand, the gravitational deformation of the equivariance
condition is smooth and can be safely discarded in the rigid limit. One is then left with
the equivariance conditions (6.12)–(6.14). Notice finally that the superpotential does no
longer display the special property (5.53), because it now involves also the non-Abelian
sections.
Notice finally that it is possible to reshuffle the scalar potential (6.17) by proceeding in
the following way, with manipulations that are similar to those used in [53, 54] to discuss
truncations of N = 2 to N = 1 supergravity theories. From now on we set again s = i
for simplicity. For the F -term part from the hyper multiplets, we start by rewriting it as
2guv¯X
u
AX¯
v¯
BL
AL¯B , with a new index A = 0, a comprising both the Killing vector defining
the central charge global symmetry and the Killing vectors defining the gauge symmetry.
Since this ranges over at least two values, both the symmetric and the antisymmetric parts
of guv¯X
u
AX¯
v¯
B contribute. For the symmetric part, we may proceed as in the case with only
hypers, and switch to general real coordinates by rewriting guv¯X
u
(AX¯
v¯
B) =
1
2
gUVX
U
AX
V
B ,
which gives 2guv¯X
u
(AX¯
v¯
B)L
AL¯B = gUVX
U
AX
V
BL
AL¯B. For the antisymmetric part, the
equivariance relations (6.12) and (6.14) imply guv¯X
u
[aX¯
v¯
b] =
i
4
f cab K
H
c and guv¯X
u
[0X¯
v¯
a] = 0,
and therefore 2guv¯X
u
[AX¯
v¯
B]L
AL¯B = i
2
f cab K
H
c L
aL¯b = −1
4
habKVa K
H
b . Putting everything
together, we see that the F -term part coming from the hyper multiplets finally gives
2guv¯X
u
AX¯
v¯
BL
AL¯B = gUVX
U
AX
V
BL
AL¯B − 1
4
habKVa K
H
b . For the F -term part of the vectors,
we get instead 2hab (Pa − iea)(P¯b + ie¯b) = 12hab(P 1aP 1b + P 2aP 2b ). Finally for the D-term
part it is convenient to consider separately the three types of terms that arise respectively
from hyper multiplets, from vector multiplets and from their interference. For the vector
multiplet part, we have as before 1
8
habKVa K¯
V
b =
1
2
gi¯X
i
aL¯
aX¯jbL
b = 1
2
habP 0aP
0
b . For the
hyper multiplet part, we get 1
8
hab(KHa + ξa)(K
H
b + ξb) =
1
2
habP 3aP
3
b . Finally, for the mixed
part we get 1
4
habKVa (K
H
b + ξb) =
1
4
habKVa K
H
b . Collecting the above results for the three
terms in (6.17), we see that the interference terms involving habKVa K
H
b cancel out, and
the scalar potential can finally be rewritten in the following form:
VS = gUVX
U
A L¯
AXVBL
B +
1
2
gi¯X
i
aL¯
aX¯bL
b +
1
2
habP xa P
x
b
= gUVX
U
A L¯
AXVBL
B +
1
2
hab
(
P 0aP
0
b + P
x
a P
x
b
)
. (6.39)
Notice also that the equivariance conditions (6.12)–(6.14) can be rewritten in the following
more compact form:
igi¯X
i
[aX¯
¯
b] =
1
2
f cab P
0
c , J
x
UVX
U
[AX
V
B] = f
C
AB P
x
C . (6.40)
Here f CAB denote the structure constants of the group G × U(1) defined by the gauge
group G and the U(1) central charge symmetry, such that f cab are the structure constants
of the gauge group and f b0a = f
0
ab = 0. This rewriting reflects once again the fact that
the superpotential for the hyper multiplets comes in supergravity from a gauging of the
central charge by the graviphoton A0µ, which is then treated on equal footing with the
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other gauge fields Aaµ. It also shows that in order for the graviphoton gauging to leave a
remnant in the rigid limit, it must be associated to a factorized U(1).
6.1 Supertrace
At a generic point in the scalar field space and for vanishing fermions and vector fields,
the auxiliary fields simplify to
F u =
√
2 Ω¯uv¯X¯
v¯
AL¯
A , (6.41)
F i =
√
2i f¯ ia(P¯a + ie¯a) , (6.42)
Da = −1
2
hab(KHa +K
V
a + ξb) . (6.43)
The corresponding hatted quantities similarly simplify to
Fˆ u = Ω¯uv¯
(
F¯ v¯+
√
2i(LA−L¯A)P v¯A
)
= −√2XuAL¯A , (6.44)
Fˆ i =
i√
2
f ia
(
Da + habKVb
)
=
i√
8
f¯ ia(KVa −KHa − ξa) , (6.45)
Dˆa = −√2i f¯aı¯ F¯ ı¯ = −2hab(Pb − ieb) . (6.46)
The mass matrix of the scalar fields is given by
(m20)uv¯ = 2∇uXwALA∇v¯X¯BwL¯B + 2ΩusΩ¯v¯t¯habXsaX¯ t¯b
−Ruv¯st¯ F sF¯ t¯ + habX¯auXbv¯ + i2∇uXav¯D
a + h.c. , (6.47)
(m20)i¯ = −Ri¯kl¯
(
F kF¯ l¯ + fka f¯
a
m¯f¯
l¯
bf
b
nF
nF¯ m¯ + fka f¯
l¯
bD
aDb
)
+ 2 fai f¯
b
¯X
s
aX¯bs
+habX¯aiXb¯ +
i
2
(∇iXa¯ − 2hbchabiXc¯)Da + h.c. , (6.48)
(m20)uı¯ = 2∇uXAv¯LAX¯ v¯b f¯ bı¯ −
√
2iΩusX
s
aC¯ı¯¯k¯f
¯af¯ k¯b f
b
l F
l
+habX¯auXbı¯ + ih
bchabı¯X¯cuD
a , (6.49)
(m20)uv = −2Rus¯vt¯X¯ s¯ALAX¯ t¯BL¯B +
√
2Ωus∇vXsafai F i − habX¯auX¯bv + ΓkuvVSk , (6.50)
(m20)ij =
i
2
∇iCjkl
(
2 fka f¯
a
q¯ F
lF¯ q¯ + fka f
l
bD
aDb
)
+
√
2iΩusX
s
aCijkf¯
kaF u
−habX¯aiX¯bj + 2ihbchab(iX¯cj)Da + ΓkijVSk , (6.51)
(m20)ui =
√
2Ωus
(∇vXsafai F v+ iXsaCijkf¯ jaF k)− habX¯auX¯bi + i hbchabiX¯cuDa. (6.52)
The mass matrix of the fermions is instead
(m1/2)uv = −
√
2Ω(uw∇v)XwALA , (6.53)
(m1/2)ij = −iCijk fka f¯al¯ F¯ l¯ , (6.54)
(m1/2)ab = −iCijkf iaf jb F k , (6.55)
(m1/2)ia =
√
2 X¯ai − 1√
2
Cijkf
j
af
k
b D
b , (6.56)
(m1/2)ui = −
√
2ΩuvX
v
af
a
i , (6.57)
(m1/2)ua =
√
2X¯au . (6.58)
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Finally, the mass matrix of the vectors is
(m21)ab = 2
(
Xu(aX¯b)u +X
i
(aX¯b)i
)
. (6.59)
A straightforward computation gives:
tr[m20] = 4∇uXvALA∇uX¯BvL¯B + 2Ri¯
(
F iF¯ ¯+f iaf¯
a
q¯ f¯
¯
bf
b
pF
pF¯ q¯+f iaf¯
¯
bD
aDb
)
+2hab
(
5 X¯auX
u
b + X¯aiX
i
b
)− 4ihbchabiXicDa + h.c. , (6.60)
tr[m21/2] = 2∇uXvALA∇uX¯BvL¯B +Ri¯
(
F iF¯ ¯+f iaf¯
a
q¯ f¯
¯
bf
b
pF
pF¯ q¯+f iaf¯
¯
bD
aDb
)
+4hab
(
2 X¯auX
u
b + X¯aiX
i
b
)− 2i habhbciXiaDc + h.c. , (6.61)
tr[m21] = 2h
ab
(
X¯auX
u
b + X¯aiX
i
b
)
. (6.62)
It follows that the supertrace of the mass matrix vanishes [13]:
str[m2] ≡ tr[m20]− 2 tr[m21/2] + 3 tr[m21]
= 0 . (6.63)
This result also follows directly from (3.31) and the properties that the Christoffel symbols
are related to the derivative of the gauge kinetic function, the special form of the Ricci
tensor and finally that the trace of the charge matrix satisfies the generalization ∇uXua = 0
of (4.27) in the hyper multiplet sector and (5.31) in the vector multiplet sector.
6.2 Metastability
The possible vacua of the theory correspond to points in the scalar manifold that satisfy
the stationarity conditions VSu = VSi = 0, which imply
−√2Ωuw
(∇vXwALAF v+Xwa fai F i)+ iX¯auDa = 0 , (6.64)
− i
2
Cijk
(
2 f ja f¯
a
q¯ F
kF¯ q¯+ f jaf
k
b D
aDb
)−√2ΩuwXwa fai F u + iX¯aiDa = 0 (6.65)
The relation (3.33) between the values of the F i, F u and Da auxiliary fields, becomes
i
(∇uXav¯F uF¯ v¯+ (Xkahbckf bi f¯ c¯ + f bac f ci f¯b)F iF¯ ¯)
− (Xu(aX¯b)u+Xi(aX¯b)i)Db + 12f dab kdcDbDc = 0 . (6.66)
On the vacuum, one has δχu =
√
2ǫF u, δψi =
√
2ǫF i, δλa = iǫDa and similarly
δˆχu =
√
2ǫˆFˆ u, δˆψi =
√
2ǫˆFˆ i, δˆλa = iǫˆDˆa, and the first and second supersymmetries are
spontaneously broken respectively if some of the auxiliary fields F u, F i, Da or some of the
Fˆ u, Fˆ i, Dˆa are non-vanishing. The order parameters are the norms of the vectors defined
by these two sets of quantities. Thanks to the identities Fˆ u ˆ¯Fu = F
uF¯u +
1
2
KaVKHa ,
Fˆ i ˆ¯Fi =
1
2
DaDa − 12KaVKHa and 12DˆaDˆa = F iF¯i, these two norms do actually as before
coincide, and define in two equivalent ways related to the two supersymmetries the scalar
potential energy: VS = F
uF¯u + F
iF¯i +
1
2
DaDa = Fˆ
u ˆ¯Fu + Fˆ
i ˆ¯Fi +
1
2
DˆaDˆa. In such a
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situation, there are then as usual two massless Goldstini, associated to the two independent
supersymmetries and given by:
η =
√
2F¯uχ
u +
√
2F¯iψ
i + iDaλ
a , ηˆ =
√
2 ˆ¯Fuχ
u +
√
2 ˆ¯Fiψ
i + iDˆaλ
a , (6.67)
With a bit of work one can verify that the stationarity conditions and the various identities
related to gauge invariance imply that these are always flat directions of the fermion mass
matrix:
mη = 0 , mηˆ = 0 . (6.68)
In the situation under consideration, the two supersymmetries may again only be broken
simultaneously.8 As before, the sGoldstini are linear combinations of scalars and vectors,
but what is relevant is their projection along the scalar field space. One then gets four
independent real linear combinations, corresponding to the projection of the complex
Goldstino vectors ηθ = (
√
2F u,
√
2F i) and ηˆθ = (
√
2Fˆ u,
√
2Fˆ i):
ϕ+ = F¯uq
u + F¯iφ
i + Fu¯q¯
u¯ + Fı¯φ¯
ı¯ , ϕ− = iF¯uq
u + iF¯iφ
i − iFu¯q¯u¯ − iFı¯φ¯ı¯ , (6.69)
ϕˆ+ =
ˆ¯Fuq
u + ˆ¯Fiφ
i + Fˆu¯q¯
u¯ + Fˆı¯φ¯
ı¯ , ϕˆ− = i
ˆ¯Fuq
u + i ˆ¯Fiφ
i − iFˆu¯q¯u¯ − iFˆı¯φ¯ı¯ . (6.70)
The masses of these four scalar modes can now be computed by evaluating the scalar
mass matrix along the directions ϕΘ+ = (F
u, F i, F¯ u¯, F¯ ı¯), ϕΘ− = (iF
u, iF i,−iF¯ u¯,−iF¯ ı¯),
ϕˆΘ+ = (Fˆ
u, Fˆ i, ˆ¯F u¯, ˆ¯F ı¯) and ϕˆΘ− = (iFˆ
u, iFˆ i,−i ˆ¯F u¯,−i ˆ¯F ı¯), and dividing by the length of
these vectors, which is 2(F uF¯u + F
iF¯i) for the first two and 2(Fˆ
u ˆ¯Fu + Fˆ
i ˆ¯Fi) for the last
two.
One may at this point proceed in computing more explicitly the above sGoldstino
masses and trying to simplify them as much as possible, in order to extract some infor-
mation that has a simple-enough form to be useful. We will not attempt to do this here,
but hope to examine this problem elsewhere, now that it has been set up in full detail
within N = 2 rigid supersymmetry. We again expect only one SU(2)-invariant infor-
mation, generalizing those found for situations involving only hyper multiplets or only
vector multiplets. It is however not entirely obvious how to proceed to extract such an
information within the N = 1 superspace formalism used in this paper, where the SU(2)
symmetry is not manifest. In particular, the way the four sGoldstini must be combined
to yield this SU(2)-invariant information cannot be easily determined a priori, and as a
matter of fact it looks different in the two subcases involving respectively only hyper or
only vector multiplets. We believe that to clarify this issue it might be useful to compare
with a manifestly SU(2)-covariant formalism, like for instance the on-shell approach of
[14, 15].
7 Conclusion
In this work, we have performed a general study of the conditions under which vacua
breaking spontaneously supersymmetry may be at least metastable, in the context of
8See [55] for a recent systematic discussion on the conditions under which one may have partial super-
symmetry breaking. As explained in previous section, at stationary points with such a partial supersym-
metry breaking, the two Goldstini must become degenerate and represent only one massless Goldstone
fermion.
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general N = 2 non-linear sigma-models. To do so we have relied on a construction of
these models based on N = 1 superspace, which allows to emphasize their peculiarities as
special cases of N = 1 non-linear sigma-models. We have then systematically applied to
these models the strategy of looking at the masses of the scalar modes belonging to the
Goldstino would-be multiplet, which are the most dangerous modes for metastability.
We have been able to reproduce the two known no-go theorems available in the su-
pergravity context, concerning theories with only hyper multiplets [8] and only Abelian
vector multiplets [9]. We have then clarified the origin of these sharp results, taking the
perspective that such theories are particular cases of N = 1 theories involving only chiral
multiplets, where supersymmetry breaking is controlled only by F auxiliary fields. We
have then studied in quite some detail the case of theories with only vector multiplets but
with general non-Abelian gaugings, giving evidence that no obstruction against achieving
metastability subsists in this case. From the N = 1 perspective, these are special classes
of theories involving chiral multiplets in the adjoint representation and vector multiplets,
where supersymmetry breaking is controlled not only by F auxiliary fields but also by
D auxiliary fields. Finally, we have set up the study of general theories involving both
hyper and vector multiplets, although we did not present any simple general result in this
case. From the N = 1 point of view, these are particular cases of theories involving chiral
multiplets both in the adjoint representation and in more general representation, as well
as vector multiplet, where the process of supersymmetry breaking is controlled both by F
and D auxiliary fields. We think that the effect of the latter should generically allow for
metastable supersymmetry breaking vacua, since for general N = 1 theories it is known
to systematically improve the situation compared to the effect of the former.
We believe that the results derived in this paper should be useful to address the general
question of what are the mandatory ingredients to obtain metastable de Sitter vacua in
N = 2 supergravity theories. The results that we have obtained in the analysis of the
corresponding problem in the rigid limit suggest that the only necessary ingredient is that
from the N = 1 perspective supersymmetry breaking should receive not only F -type but
also D-type contributions. This requires either non-Abelian gauge groups, or charged
hyper multiplets, or both of these ingredients.
Concerning the implications of the necessary conditions for metastable supersymmetry
breaking for potentially realistic string models, one should keep in mind that these are
described by N = 1 effective theories, but with a hidden sector that displays many features
of N = 2 or even N = 4 models. As a result, applying the N = 1 constraints is too
optimistic, whereas applying N = 2 or even N = 4 constraints is too restrictive. One may
then try to consider the intermediate framework of N = 1 theories obtained by truncations
of N = 2 or N = 4 supersymmetries. In this kind of truncations, the projection getting rid
of the additional supersymmetries also eliminates the corresponding additional sGoldstini
and the resulting implications on metastability. As a result, one should get conditions
that are stronger but have the same form as those for general N = 1 theories. These
should account for the possibility of starting from an unstable supersymmetry breaking
vacuum and getting a metastable one by a truncation, where the tachyonic sGoldstini
are projected out. For instance, it has been recently shown in [56] that the metastable
N = 2 de Sitter vacua of [10] can be obtained by truncations of the unstable N = 4 de
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Sitter vacua of [57, 58], which can themselves be related to truncations of the unstable
N = 8 de Sitter vacua discussed in [59]. It should be similarly possible to construct stable
N = 1 de Sitter vacua by truncating unstable N = 2 de Sitter vacua. Since a detailed
general description of this kind of truncations is available [53, 54], it would be interesting
to perform a general study of the metastability conditions in this case.
During the completion of this work, the interesting paper [60] appeared, which explores
the possibility of constructing a low-energy effective description of N = 2 theories below
the supersymmetry breaking scale in terms of constrained superfields, containing only the
two Goldstini and no other light state. It was found that under the assumption of an
SU(2)R symmetry, such an effective theory does not exist. This fact was interpreted as
signaling the impossibility of achieving metastable supersymmetry breaking in such N = 2
theories. This is compatible with what we found in this paper for theories involving only
hyper multiplets or only vector multiplets without N = 2 Fayet-Iliopoulos terms, where
some of the sGoldstini are unavoidably massless or tachyonic. We believe that the algebraic
obstruction uncovered in [60] should correspond to the physical obstruction studied here
against achieving a positive mass squared for all the sGoldstini, since whenever one of the
sGoldstini is tachyonic one clearly cannot define a sensible low-energy effective theory for
just the Goldstini. It would be very interesting to make this connection more precise and
try to exploit it to study more efficiently the most general case of N = 2 theories involving
both hyper and vector multiplets as well as SU(2)R-breaking Fayet-Iliopoulos terms.
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